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Abstract. On a 3-dimensional contact manifold with boundary, a bypass 
attachment is an elementary change of the contact structure consisting in the 
attachment of a thickened half-disc with a prescribed contact structure along 
an arc on the boundary. We give a model bypass attachment in which we 
describe the periodic orbits of the Reeb vector field created by the bypass 
attachment in terms of Reeb chords of the attachment arc. As an application, 
we compute the contact homology of a product neighbourhood of a convex 
surface after a bypass attachment, and the contact homology of some contact 
structures on solid tori. 



1. Introduction 

We describe the effect on Reeb dynamics of an elementary change of the contact 
structure on a 3-manifold with boundary known as a bypass attachment. Our 
study is based on the explicit construction of a bypass. We encode the dynamics 
of the associated Reeb vector field and give a symbolic representation of the new 
periodic orbits. As an application, we compute the contact homology of a product 
neighbourhood of a convex surface after a bypass attachment, and the contact 
homology of some contact structures on solid tori. 

Honda [57] introduced bypass attachments to classify contact structures on solid 
tori, thickened tori, and lens spaces. Bypasses may be seen as basic building-blocks 
of contact structures. In particular, cobordisms are constructed out of bypasses 
as contact structures on a thickened surface are obtained from an invariant con- 
tact structure and a finite number of bypass attachments and removals (see |261 
Section 11.1]). 

Describing new periodic orbits after a bypass attachment is the first step toward 
computing the contact homology of the new contact manifold. Introduced in the 
vein of Floer homology by Eliashberg, Givental, and Hofer [TT] in 2000, contact ho- 
mology is an invariant of a contact structure on a closed manifold defined through 
a Reeb vector field. Colin, Ghiggini, Honda, and Hutchings [5] generalised it to 
an invariant of contact structures on manifolds with boundary called sutured con- 
tact homology. The simplest associated complex is the Q-vector space generated 
by Reeb periodic orbits and the differential "counts" pseudo-holomorphic cylinders 
in the symplectisation of the contact manifold. Gromov [21 introduced pseudo- 
holomorphic curves in symplectic geometry in 1985. Hofer |22j generalised them 
to symplectisations in 1993. Our theorem is similar to a theorem of Bourgeois, 
Ekholm, and Eliashberg [2 describing the new Reeb periodic orbits after a surgery 
along a Legendrian sphere A in terms of Reeb chords of A. In addition, the au- 
thors deduce exact triangles between contact homology, symplectic homology and 
Legendrian contact homology. Finding an analogous triangle would be a natural 
extension to this paper. 

The computation of contact homology hinges on finding periodic orbits and 
solving elliptic partial differential equations and thus is usually out of reach. To 
our knowledge, Golovko's work [HO HD] contains the only explicit computations in 
the sutured case. Actual computations are of importance to clarify our intuition 
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and understand connections between sutured Heegaard-Floer homology and sutured 
embedded contact homology. Sutured embedded contact homology is a variant of 
sutured contact homology introduced in [B] in the vein of Hutchings' work |28| . 
Taubes [37] proved that it is an invariant of the manifold. In the closed case, 
Kutluhan, Lee, and Taubes [3U] and, independently, Colin, Ghiggini, and Honda 
announced an isomorphism between the two homologies. In addition, computations 
can be of use to understand the algebraic structures associated to sutured contact 
homology and obtain a comprehensive gluing theorem from the partial theorem 
in©. 

Outline. This paper is derived from the PhD thesis of the author [3S]. It is 
organised as follows. In Section [2] we present our main theorems. In Section [3j we 
recall some usual definitions in contact geometry and contact homology that will be 
used in the sequel. In Section^ we apply our main theorem to the simplest manifold 
with boundary: the product neighbourhood of a convex surface. In Section [5] we 
compute the contact homology of a product neighbourhood of a convex surface 
after a bypass attachment, and the contact homology of some contact structures 
on solid tori. The proof of our main theorem (Theorem |2.1[ ) is technical. We give a 
sketch of proof in Sectionj6land a detailed proof in Section [7] Section [8] is devoted 
to the proof of Theorem |276| which describe the Conley-Zehndcr index of the new 
Reeb periodic orbits. 

2. Main results 

2.1. Bypasses. Let us review some basic definitions (see Section [3] for more de- 
tails). Let M be a 3-manifold. A 1-form a on M is called a contact form if a A da 
is a volume form. A contact structure £ is a plane field locally defined as the kernel 
of a contact form. To any contact form a, we associate the vector field, called the 
Reeb vector field, such that tR a a = 1 and tR a da = 0. A Reeb chord of an arc 70 
is a Reeb arc with endpoints on 70. A curve tangent to £ is called Legendrian. In 



a contact manifold, "pleasant" surfaces are convex surfaces (see Section 3.1 for a 
precise definition). In a neighbourhood of a convex surface S, the contact structure 
is encoded by a smooth multi-curve T, the dividing set, separating S into positive 
and negative regions (Giroux |16j). In what follows we specify the dividing set as- 
sociated to a convex surface S by the pair (S,T). Convexity is a natural condition 
to impose to the boundary of a contact manifold. To deal with contact forms as 
opposed to contact structures, for instance to define sutured contact homology, one 
usually refines this condition as follows. A contact form a is adapted to a convex 
surface (S, T) if L is the set of tangency points between R a and S and, along L, the 
vector field R a points toward the sub-surface S+ where R a is positively transverse 
to S. On a manifold with convex boundary, the dividing set of the boundary is a 
suture as defined by Gabai [H] . 

An attaching arc of the convex boundary (S,T) of (M, £) is a Legendrian arc 
which intersects the dividing set F in precisely three points, namely, its two end- 
points and one interior point. A bypass attachment along an attachment arc 70 is 
the gluing of a half-disc D with a prescribed continuation of £ along 70. We get a 
new manifold with boundary by thickening (£>,£). 

2.2. Main theorem. Let = [— =4^1 . Let (M, a) be a contact manifold with 
convex boundary (S, T) and 70 be an attachment arc on S. We assume that 
(CI) there exists a neighbourhood Z of 70 with coordinates {x,y,z) G 1^ x 
[-J/max,0] x 7 max where J max = [-z max , z max ] such that 

• a = sin(ir)dy + cos(a;)dz; 

• 70 = [0, 2tt] x {0} x {0}; 
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• 5 z = / t x{l}xJ max = SnZ 
(C2) a is adapted to S \ S z . 
Fix K > 0. Let 8 k (70) denote the image of 70 \ T on S by the Reeb flow for times 
smaller than K. Additionally, we assume that 

(C3) 5k (70) is transverse to 70. 
Condition (C3) is generic and ensures that the number of Reeb chord of 70 with pe- 
riod smaller than K is finite. We denote by a\, . . . these chords. Let l(ai 1 . . .a,i k ) = 
T{ai 1 ) + ■ • • + T(a,i k ) where T(a^) is the period of the Reeb chord a^. 

Theorem 2.1. Under conditions (CI), (C2) and (C3), there exists a contact man- 
ifold (M',S",a') obtained from (M,S,a) after a bypass attachment along 70, such 
that 

• S' is convex; 

• a' is adapted to S' and arbitrarily close to a in M ; 

• Reeb periodic orbits of period smaller than K intersecting the bypass cor- 
respond bijectively to words a on the letters a%, . . . such that 1(el) < K 
up to cyclic permutation. 

In addition, the periodic orbit j a associated to a = Oj 1 . . . ai k intersects Sz in 2k 
points denoted by p^ ,pf , . .. ,p~£ and is arbitrarily close to the chord aj between 
pj and p+ . 

Therefore, if the contact form a is non-degenerate on M, the Reeb periodic orbits 
of period smaller than K on M' are exactly the Reeb periodic orbits of M of period 
smaller than K and the orbits described in Theorem |2.1| This theorem is proved 
in Sections [6] and [7j We will see in the proof that the condition "a' is adapted to 
S'" is crucial to obtain this symbolic representation of the new periodic orbits. The 
following proposition ensures that conditions (CI) and (C2) are satisfied for any 
contact manifold after an isotopy. 

Proposition 2.2. Let (M,£) be a contact manifold with convex boundary (5 1 , F) 
and 70 be an attaching arc. There exists a contact structure £' isotopic to £ and a 
contact form a of £' satisfying conditions (CI) and (C2). 

This proposition derives from Giroux theory of convex surfaces (Sections|3]and|4| 
and the explicit construction of Proposition |5.1| 



2.3. Computations of contact homology. We now apply Theorem 2.1 to com- 
pute some sutured contact homologies. The sutured contact homology is an in- 
variant associated to a contact structure with boundary (M, £, L) where F is the 
dividing set of the boundary. Though commonly accepted, existence and invari- 
ance of contact homology remain unproven. In what follows this assumption will 



be called Hypothesis H (see Section 3.3.3 for more details). 

Let 5 be a convex surface and T = [L_ Ti be a dividing set of S without 
contractible components. Let M ~ S x [—1,1] be the product neighbourhood of S 
with invariant contact structure^] 

Proposition 2.3. There exists a contact form a without contractible Reeb periodic 
orbits such that the cylindrical sutured contact homology 0/ (Af, a,T x {±1}) is the 
Q-vector space generated by n+1 periodic orbits homotopic to x {0}, k = 0, . . . ,n 
and by their multiples. 

Theorem 2.4. Let 70 be an attachment arc in S intersecting three distinct com- 
ponents ofT. Let To be the component intersecting the interior 0/70. We denote 
by (M',£') the contact manifold obtained from (M,£) after a bypass attachment 

lr The multi-curve T X {±1} is a dividing set of the boundary. 
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along 70 x {1} and by V a dividing set of dM' . Then, under Hypothesis H, the 
cylindrical sutured contact homology 0/ (M', T') is the Q-vector space generated 
by n periodic orbits homotopic to x {0}, k = 1, ... ,n and by their multiples. 

Thus, a bypass attachment removes Tq and its multiples from the generators of 
the sutured contact homology. 

Contact structures with longitudinal dividing set on the boundary are charac- 
terised by the dividing set of any convex meridian disc [27] . Golovko [2D] computed 
the contact homology in the case where the dividing set of a meridian discs consists 
of segments parallel to the boundary. He also computed contact the homology of 
solid tori with non- longitudinal boundary dividing set [19] . We extend his compu- 
tations to contact structures such that (see Figure [TJ 

(C4) the boundary dividing set T has 2n longitudinal components; 

(C5) if (D,T = U" =0 T t ) is the dividing set of a convex meridian disc D there 
exists a partition of 3D in two sub-intervals I\ and I2 such that 

• dli is contained in two bigons (called extremal bigons); 

• if / = {i, dTi C I\ or dTi C I2} then any connected component of 
D \ (Ui^/ r^J contains at most one component of T. 



h 



extremal bigon 




extremal bigon 



h 



Figure 1. A chord diagram satisfying condition (C5) 



Theorem 2.5. Let £ be a contact structure on M = D 2 x S 1 satisfying condi- 
tions (C'4) and (C5) above. Under Hypothesis H, the sutured contact homology of 
(M, £,r) is the Q-vector space generated by n+ curves homotopic to {*} x S , n_ 
curves homotopic to {*} x (— S 1 ) and by their multiples where 

n± — x(S±) + fti^pnon-extremal bigons} — f/={± bigons}. 

2.4. Two improvements to the main theorem. We now describe the Conley- 



Zchnder index n{^ a ) of the periodic orbit 7 a from Theorem 2.1 This index gives 
the graduation in contact homology and is associated to a trivialisation of the 
normal bundle of the orbit. We first construct a "nice" trivialisation extending 
trivialisations along the Reeb chords. In the setting of Theorem |2.1| we denote 
by a" and a + the inward and outward endpoints of a Reeb chord a, by [p,p r ] the 
segment between p and p' in the chart associated to Z and, if p and p' are on 7 a , 
by [p,p']a the arc of 7 a between p and p' . For each i = 1, . . . ,N, choose a collar 
neighbourhood Si of U [af,a~]. We obtain a collar neighbourhood S a of the 
periodic orbit 7 a corresponding to a = . . . by gluing together 

• collar neighbourhoods of [pj.,pl\a U [pY,pt] gi ven by a small perturbation 

• and an immersed disc in the bypass with boundary IJ ■ [p^, , p~ i ] a U [pf. , p^. ] , 
embedded near its boundary. 

For all i, the annulus Si gives a symplcctic trivialisation (ei, e2) of £ along a^. Let 
(Rt)t£[o,T(ai)] denote the path of symplectic matrices induced by the differential of 
the Reeb flow along a^. For all t 6 [0,T(ai)), we denote by 0t the angle between 



REEB PERIODIC ORBITS AFTER A BYPASS ATTACHMENT 



5 



ei and Rt(e\). Let fi(ai) be the integer such that drtaA £ {'xjl(ai),Tr(jl(ai) + 1)]. 
Then fl(ai) depends only on the homology class of Si. 

Theorem 2.6. If a = a^ x . . . is a word such that /(a) < K , then /u(7 a ) = 
Sj=iA( a ij) zn ^ e trivialisation S a . 

In addition, our explicit construction of bypasses allows us to control all the new 
periodic orbits after a bypass attachment but with less precision. This property is 
used in our actual computations of contact homology. Let (M, a) be a contact man- 
ifold with convex boundary (S, T) and 70 an attachment arc satisfying conditions 
(CI) and (C2). We assume that 

(C6) there exists Ao > such that for all e > and for any small enough 
perturbation of a, the distance between the dividing set and the endpoints 
of the Reeb chords of [0, 2tt] x {1} x I max is either smaller that e or greater 
than Ao- 

Theorem 2.7. Under conditions (CI), (C2) and (C6), there exists a contact man- 
ifold (M',S',a') obtained from (M, 5 1 , a) after a bypass attachment along 70, such 
that 

• S' is convex; 

• a' is adapted to S' and arbitrarily close to a in M ; 

• if ip : [ir + Ao, 2ir — Ao] x I max — > [Ao, 7r — Ao] x I max is the partial function 
induced by the Reeb flow in M and <p is the map induced by the Reeb flow 
in the bypass then every periodic orbit intersecting Sz intersects on a 
periodic point of if o ip. 

If the hypotheses of Theorem |2 . 1 1 and Theorem |2.7| are simultaneously satisfied, 
the associated constructions coincide. In addition, the periodic orbit 7 a associated 
to a = cijj . . . di k corresponds to the unique fixed point of ipotjj ik o • • • cxpoip^ where 
ijjij is the restriction of tp to the connected component of dom(-0) containing a~. 

3. Contact geometry 

3.1. Contact geometry and convex surfaces. A more detailed presentation can 
be found in [TS]. Let (M, £ = ker(a)) be a contact manifold. A vector field whose 
flow preserves £ is said to be contact. A fundamental step in the classification 
of contact structures in dimension 3 was the definition of tight and overtwisted 
contact structures given by Eliashberg [S] in the line of Bennequin's work pQ. A 
contact structure £ is overtwisted if there exists an embedded disc tangent to £ on 
its boundary. Otherwise £ is said to be tight. 

Eliashbcrg's work [5J [TD] initiated the study of surfaces in contact manifolds. 
The characteristic foliation & of a surface S is the singular 1-dimcnsional foliation 
of S such that 

• x is a singular point if £ x = T X S; 

• &x — £r H T X S if x is non-singular. 

If a; is a volume form on S and i : S — > M is the inclusion, & is defined by the 
vector field X satisfying tjw = i*a. The characteristic foliation determines the 
germ of £ near S [TH Proposition II. 1.2]. 

The development of convexity by Giroux [16 following Eliashberg and Gromov's 
definition |12j represents a major progress in the study of contact geometry. A 
surface S is convex if there exists a contact vector field transverse to S. If S has a 
boundary, we require it to be Legendrian. Closed convex surfaces are generic [TFl 
Proposition II. 2. 6]. The convexity of a surface is equivalent to the existence of a 
dividing set for the characteristic foliation (Giroux, jTUl Proposition II.2.1]). A 
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multi-curve r on S is a dividing set for a singular 1-dimcnsional foliation J? of S 
if there exist two sub-surfaces S± of S, a vector field Y and a volume form uj on S 
such that 

• dS± = T; 

• div^ Y > on S+ and div w F < on S- ; 

• Y points toward S+ along T. 

The dividing set T inherits the orientation of dS+. All dividing sets of a given 
foliation arc isotopic. If X is a contact vector field transverse to S, the set of 
tangcncy points between X and £ along S 1 is a dividing set. The dividing set T 
encodes £ near 5 1 as any foliation divided by T can be realised as the characteristic 
foliation of a perturbed surface. This property is due to Giroux [161 Proposition 
II. 3. 6] and known as the realisation lemma. In favourable situations, the Reeb 
vector field provides us with a dividing set. 

Lemma 3.1. Let S be a compact surface in (M,a). If R a is tangent to S along a 
smooth curve T and if, along T, the characteristic foliation of S points toward S+, 
the sub-surface where R a is positively transverse to S, then S is convex and T is a 
dividing set. 

Proof. In the definition of dividing set, choose any volume form u> of S and Y such 
that LyU) — i*a where i : S — > M is the inclusion. □ 

3.2. Bypasses. Let S be a closed convex surface without boundary in a contact 
manifold. A bypass for S is an embedded half-disc D in M such that 

• D is transverse to S; 

• D has a Legendrian boundary denoted by U 72 and D PI S = 71 ; 

• the singularities of the characteristic foliation of D are (see Figure |2| 

— a negative elliptic singularity in the interior of 71 ; 

— two positive elliptic singularities at the endpoints of 71; 

— positive singularities along 72 alternating between elliptic and hyper- 
bolic singularities. 

The arc 71 is called the attaching arc of the bypass. 




Figure 2. The characteristic foliation of a bypass 

Proposition 3.2 (Honda [17]). Let D be a bypass for S with attaching arc 71. 
There exists an neighbourhood of S U D diffeomorphic to S x [0, 1] such that 

• S~Sx {e}; 

• the contact structure is invariant in S x [0, e]; 

• the surfaces S x {0} and S x {1} are convex with dividing sets T and V 
where T and T' are identical except in a neighbourhood of 71 on which the 
arrangements are shown in Figure^ 

Let (M, £) be a contact manifold with convex boundary S. Let T be a dividing 
set of S and 71 be an attaching arc. A bypass attachment along 71 is a contact 
manifold (M',£') with convex boundary S' extending (M, £) such that there exists 
a neighbourhood S x [0,1] of S' satisfying 
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• S' ~ S X {1}; 

• S X {0} is convex and is the image of S by the flow of an inward contact 
vector field; 

• there exists a contact retraction of S x [0,1] on an arbitrarily small neigh- 
bourhood of S x {0} U D where D is a bypass for S x {0} with attaching 
arc the image of 71 on S x {0}. 

The differences between the dividing sets of S and S' are shown on Figure [3] Honda 
|27j constructed an explicit bypass attachment on a convex boundary satisfying 
condition (CI) (see Section 7.1|. 

There exist two degenerate bypass attachments: the trivial one that does not 
change the contact structure up to isotopy and the overtwisted one that creates an 
overtwisted contact structure (see Figure [4} . 



7i 




Figure 4. Trivial (left) and overtwisted (right) bypasses 

Giroux [T7] and Honda [27] independently classified contact structures on solid 
tori. Honda's proof hinges on bypasses. We follow Mathews' presentation [33]. A 
chord diagram is a finite set of disjoint properly embedded arcs in the disc D 2 up 
to isotopy relative to the boundary. 

Theorem 3.3 (Giroux [17], Honda [27]). Let F C S 1 be a set with 2n elements 
and & be a singular foliation on T 2 divided by T — F x S 1 and containing a 
meridian leaf which intersects T in 2n points. Tight contact structures on D 2 x 
S 1 with characteristic foliation & on the boundary up to isotopy relative to the 
boundary correspond bijectively to chord diagrams of n chords with boundary in F. 
In addition, the associated chord diagram is the dividing set of any convex meridian 
disc intersecting T in 2n points. 

By the realisation lemma, we can assume that the characteristic foliation of the 
boundary satisfies the hypothesis of Theorem |3.3| 

Proposition 3.4 (Honda [17]). Let £ be a contact structure on D 2 x S 1 such that 
the boundary dividing set T has 2n longitudinal components. Let D' be a convex 
meridian disc intersecting T in 2n points. Fix an attaching arc 7 C 8D' . Then, the 
contact structure £' on D 2 x S l obtained after a bypass attachment along 7 has a 
boundary dividing set with 2(n — 1) longitudinal components. In addition, the chord 
diagram associated to £' is obtained from the diagram associated to £ by gluing the 
endpoints of the two chords intersecting] 7 (see Figure kw. 



This operation corresponds to an annihilation in I33| . 
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3.3. Sutured contact homology. We consider the generalisation of contact ho- 
mology to manifolds with boundary called sutured contact homology and introduced 
by Colin, Ghiggini, Honda and Hutchings 6 . Let (M, £ = ker(a)) be a contact 
manifold. 

3.3.1. Holomorphic cylinders. The differential of contact homology "counts" pseudo- 
holomorphic curves in the symplectisation of the contact manifold. One can refer 
to |35j for more information. The symplectisation of [M, £ = ker(a)) is the non- 
compact symplectic manifold (R x M,d(e T a)) where r is the ]R-coordinate. An al- 
most complex structure on a even-dimensional manifold M is a map J : TM — > TM 
preserving the fibres and such that J 2 = —Id. An almost complex structure J on 
R x M is adapted to a if J is r-invariant, J-^ — R a , J£ — £ and u(-,J-) is a Rie- 
mannian metric. A map u : (Mi, J\) ~ > (M2, J2) is pseudo-holomorphic if duo Ji — 
J2 o du. Here we consider pseudo-holomorphic cylinders u : (R x S 1 , j) — > R x M. 
The simplest non-constant pseudo-holomorphic maps are trivial cylinders: 

R x S 1 — > R x M 
(s,t) .— > (Ts n (Tt)). 

where 7 is a T-periodic Reeb orbit. Note that there also exist trivial pseudo- 
holomorphic maps over any Reeb orbit. For every non-constant map 

u : (R x S\j) -^(Rx M, J) 

which is not a trivial cylinder, the points (s, t) such that du = or £ im(du(s, t)) 
are isolated (see [331 Lemma 2.4.1]). 

The map u=(a,/):RxS 1 ->MxMis positively asymptotic to a T-periodic 
orbit 7 at +00 if lim s _5. +00 a(s, t) = +00 and lim s _5. +00 /(s, t) = j(— Tt). It is 
negatively asymptotic to 7 at —00 if lim s _ i ._ 00 a(s, i) = —00 and linis^-oo /(s, = 
j(+Tt). It is a theorem of Hofer [22J Theorem 31] that holomorphic curves u : 
(R x S l ,j) -> (ix M, J) with finite Hofer energy are asymptotic to a Reeb periodic 
orbit at ±00 if the contact form a is non-degenerate. 

3.3.2. Conley-Zehnder index. The Conley-Zehnder index gives the graduation in 
contact homology. Consider (M, £ = ker(a)) a contact manifold, 7 a T-periodic 
Reeb orbit and p e 7. If ip t denote the Reeb flow, the map dipxip) ■ (£ p ,da) — > 
(£ p ,da) is a symplectomorpism. A non-degenerate periodic orbit 7 is called even if 
dtpxip) has two real positive eigenvalues and odd if d^^p) has two complex con- 
jugate or two real negative eigenvalues. In addition, if dipx(p) has real eigenvalues, 
the orbit is said hyperbolic. If it has two complex conjugate eigenvalues, the orbit 
is called elliptic. Let 7 m be the m-th multiple of a simple orbit 71. Then j m is said 
to be good if 71 and 7 m have the same parity, otherwise 7 m is said to be bad. 

The Conley-Zehnder index was introduced in [7] for paths of symplectic matrices. 
Our short presentation follows [3T]. Let Sp(2) denote the set of symplectic matrices 
in 7W 2 (R). The open set Sp* = {A E Sp(2),det(A - I) ^ 0} has two connected 
components and they are contractible. Any path R : [0, 1] — > Sp(2) such that 
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Ro = I and R\ £ Sp*(2) can be extended by a path (Rt)te[i.2\ i n Sp* such that 
R 2 = W + =^ orR 2 = W^=( 2 

Using polar decomposition, we write R t — S t O t where S t is positive-definite and 
Ot is a rotation of angle 9 t . The Conley-Zehnder index of R is \i (R) = 2 . It is 
an integer and does not depend on the choice of an extension of R. 

As dip t (p) ■ (Cpjda) — > (^ Vt ( p ),da;) is a symplectomorpism, a trivialisation of £ 
along 7 provides us with a path of symplectic matrices. If 7 is non degenerate, its 
Conley-Zehnder index is well defined. It gives a relative (depending on a choice of 
trivialisation) grading of Reeb periodic orbits. Its parity matches with the above 
definition. 

3.3.3. Sutured contact homology. We now assume that (M, £) has a convex bound- 
ary (S, r) and that a is a non-degenerate contact equation adapted to the boundary. 
We sketch the construction of cylindrical sutured contact homology chain complex 
(C7\M,T,a),d) defined in [6;. The chain complex C* yl (M, T, a) is the Q- vector 
space generated by good Reeb periodic orbits (here we consider simple periodic 
orbits and their good multiples). Choose an almost complex structure J adapted 
to the symplectisation. To define $7, consider the set M[z]( J, 7, 7') of equivalence 
classes (modulo reparametrisation) of solutions of the Cauchy-Riemann equation 
with finite energy, positively asymptotic to 7, negatively asymptotic to 7' and in 
the relative homotopy class [Z]. The K-translation in M. x M induces a K-action 
on M.yz\{Ji 7: 7')- -Due to severe transversality issues for multiply-covered curves, 
there is no complete proof that Ai[z] ( J, 7, 7') = M[z](J, 7, 7')/jj admits a smooth 
structure. We use Hypothesis H to make this assumption. 

Hypothesis H. There exists an abstract perturbation of the Cauchy-Riemann 
equation such that M. y z \ (J, 7, 7') is a union of branched labelled manifolds with 
corners and rational weights whose dimensions are given by [Z] and the Conley- 
Zehnder indices of the asymptotic periodic orbits. 

There exists several approaches to the perturbation of moduli spaces due to 
Fukaya and Ono [13], Liu and Tian [32], Hofer, Wysocki and Zehnder [231 [251 [21] 
or Cieliebak and Oancea in the equivariant contact homology setting [3JS]. There 
also exist partial transversality results due to Dragnev [5]. 

The differential of a periodic orbit 7 is 

^ = £^' 

7' 

where ^(7') is the multiplicity of 7' and n in i denote the signed weighted counts 
of points in O-dimensional components of Af[^]( J, 7, 7') for all relative homology 
classes [Z). In particular, the differential of an even (resp. odd) periodic orbit 
contains only odd (resp. even) periodic orbits. 

Under Hypothesis H, it is reasonable to expect the following: if there exists an 
open set U c M x M containing all the images of J-holomorphic curves positively 
asymptotic to 7, negatively asymptotic to 7', then U contains the images of all 
solutions of perturbed Cauchy-Riemann equations with the same asymptotics for 
all small enough abstract perturbations. 

Hypothesis H is the key ingredient to prove the existence and invariance of 
contact homology. The condition "a adapted to the boundary" implies that a 
family of holomorphic cylinders stays in a compact subset in the interior of M. 

Theorem 3.5 ( Colin- Ghiggini-Honda-Hutchings). Under Hypothesis H, 
(1) a 2 = 0; 
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(2) the associated homology HC* V (M, £, T) does not depend on the choice of 
the contact form, complex structure and abstract perturbation. 

If d 2 = for some contact form a, we denote HC* yl (M, T, a, J) the associated 
homology. 

Theorem 3.6 (Golovko [2U]). Let £ be a contact structure on D 2 x S 1 such that 
the boundary dividing set has 2n longitudinal components and the dividing set of a 
meridian disc has n components parallel to the boundary. Then the sutured cylin- 
drical contact homology is the Q-vector space generated by n — 1 orbits homotopic 
to {*} x S 1 and by their multiples. 

3.3.4. Positivity of intersection. In dimension 4, two distinct pseudo-holomorphic 
curves C and C have a finite number of intersection points and that each of these 
points contributes positively to the algebraic intersection number C-C . This result 
is known as positivity of intersection and was introduced by Gromov |21j and Mc- 
Duff |34] . In this text we will only consider the simplest form of positivity of inter- 
section: let M be a 4-dimensional manifold, C and C" be two J-pseudo-holomorphic 
curves and p £ M so that C and C intersect transversely at p. Consider v £ T p C 
and v' € T p C two non-zero tangent vectors. Then (w, Jv,v' , Jv') is a direct basis 
of T p M (J induces a natural orientation on T p M). In the symplectisation of a 
contact manifold, positivity of intersection of a pseudo-holomorphic curve with a 
trivial holomorphic map results in the following lemma. 

Lemma 3.7. Let (-M, £) be a contact manifold, a be a contact form and J be an 
adapted almost complex structure. Consider U an open subset of C, u — (a, /) : 
U — >• M X M a J -pseudo holomorphic curve and p G U such that df p is injective 
and transverse to R{f{p)).Then, R(f(p)) is positively transverse to df p . 

The hypothesis "d/ p injective and transverse to R(f(p))" is generic. We will use 
positivity of intersection in the following situation to carry out explicit computa- 
tions of sutured contact homology in Sections [I] and [5] Let (M, £ — ker(a)) be a 
contact manifold with convex boundary and a be a contact form. We assume there 
exist two sets of Reeb chords of dM, denoted by X + and X_, with non-empty 
interior. Let J be an almost complex structure adapted to a. 

Lemma 3.8. Let a:(Rx S ' ,j) — > (K x M, J) be a J -holomorphic cylinder asymp- 
totic to 7+ and 7_ . Assume that for any Reeb chord c £ X± there exists a path of 
properly embedded arcs in M\ (7+ U7_) connecting c and a Reeb chord in mt(X^) 
with reversed orientation. Then un(u) is disjoint from int(X + ) Uint(X_). 

Proof. Generically a Reeb chord is transverse to u. Let c+ be a Reeb chord in X + 
transverse to u. There exists c_ in X_ transverse to u and connected to — c+ by 
a path of properly embedded arcs in M \ (7+ U 7_). By positivity of intersection, 
c± ■ u > 0. Yet c + ■ u = —c- ■ u and c + does not intersect im(w). □ 

4. Thickened convex surfaces 

In this section we study the simplest example of contact manifold with boundary. 
We compute its sutured contact homology and apply our main theorem. Let S be a 
convex surface and T — U™ =0 Ti be a dividing set of S. Assume T has no contractible 
component. Let M = S x [— 1, 1] be the product neighbourhood of S with invariant 
contact structure. This contact structure is tight [T5J Theoreme 4.5a]. Let 70 be 
an attachment arc. The multi-curve T x {±1} is a dividing set of the boundary. 
Giroux [TCI Proposition 2.1] proved that there exists a contact form ao such that 

(C7) for all n = 1, . . . , n, there exists a neighbourhood Ui of Ti with coordinates 

(x,y,z) <E [ Imaxj ^max] x [ Ijl] x S 
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. is non-decreasing, 



such that 

• SnUi ~ [-a: max , x max ] x {0} x S 1 ; 
. ~ {0} x {0} x S 1 ; 

• a = f(x)dy+cos(x)dz where / : [ 
/ = ±1 near ±x max and / = sin near 0; 

(C8) a = f3± ± dy on S± x [-1,1] \ U where ±d/3± > and U = U™ =0 u <- 
The Reeb periodic orbits are exactly the curves I\ x {t} for all t € [—1,1] and 
i = 0, . . . ,n (see Figure^. The contact form is degenerate and is not adapted to 

V 



n 



: 




FIGURE 6. The vector fields R ao and R ap projected on the (x, y)-plane 



the boundary. In Ui, near x = 0, we perturb cxq into 

a p = sm{x)dy + (1 + k{x)l{y)) cos(a;)d2 

where 

(C9) k is a cut-off function such that k = 1 near and k = near ±i„ 
(C10) I is a C°°-small strictly convex function with minimum at 0. 

The associated Reeb vector field is 



1 



p(x,y) 



l'(y)k(x) cos(ir) 
p(x, y) sin(x) — k'(x)l(y) cos(x) 
cos(a;) 



Proposition 4.1. The contact form a p is non-degenerate, adapted to the boundary. 
Its Reeb periodic orbits are the curves Ti x {0} for i = 0, . . . , n. These orbits are 
even and hyperbolic. 

Proof. In M \ U, the Reeb vector field is R = ±g^- Thus the Reeb periodic 
orbits are contained in U. In addition, if I is small enough, they are contained 
in the neighbourhood where k — 1. In this neighbourhood, the projection of the 
Reeb vector field in the plane (x,y) is collinear to the Hamiltonian vector field 
of (x, y) H> l(y) cos(x). There are no closed levels so the Reeb periodic orbits 
correspond to critical points of the Hamiltonian (see Figure [6| . By linearising the 
Reeb flow <p t along 1^ x {0} we get 



tr (d<p t (0,0,0) 



If J 



2 cosh 



> 2. 



Thus the Reeb periodic orbits are even and hyperbolic. 



□ 



Proof of Proposition \2.3\ Proposition |2.3| is a corollary of Proposition |4.1| Indeed 
d = in C* yl (M, T x {±1}, a p ) as all the orbits are even. □ 



We now apply our main theorem to M. By Proposition 2.2 and [16 , Proposi- 
tion 2.1] there exists an isotopic the contact structure with a contact form satisfying 
conditions (CI) and (C2) and coordinates in a neighbourhood of T, compatible with 
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the coordinates in Z and satisfying conditions (C7) and (C8). We perturb the con- 
tact form into 

otb = f(x)dy + (1 + k(x)l(y)m(z)) cos(a;)dz 

where k and I satisfy conditions (C9) and (CIO) and 

(Cll) m is a smooth cut-off function, m = on [— z max , z max ] and m = 1 outside 
a small neighbourhood of [— z max , z max ]. 

Let p(x, y, z) — 1 + k(x)l(y)m(z). The Reeb vector field is 

I' (y)k(x)m(z) cos(x) \ 
psin(x) — k' (x)l(y)m(z) cos(x) 

cos(x) J 

Proposition 4.2. The contact form ctb is non-degenerate, adapted to the boundary. 
Its Reeb periodic orbits are the curves Ti x {0} for i = 0, . . . , n. These orbits are 
even and hyperbolic. 

Proof. As in the proof of Proposition |4.1[ for I small enough, the Reeb periodic 
orbits are contained in the neighbourhood where k — 1. In this neighbourhood, 
any Reeb orbit intersecting the set xy < meets the boundary or is equal to Ti x {0} 
(see Figure [fj|. In addition, any Reeb orbit intersecting the set xy > meets the 
set xy < 0. Thus the Reeb periodic orbits are the curves x {0}. By linearising 
the Reeb flow ip t along T, x {0}, we get 

tr (dpt(0, 0, 0), s ) > tr (d^ (0, 0, f%) = 2. □ 

We denote by Tq the connected component of T which intersects the interior 
of 7o- If 70 intersects three distinct components of T, then 70 intersect Uq along 
[— x max , a^max] x {1} x {0}- If 70 intersects only two distinct components of V, 
there exists Z\ £ S 1 such that 70 intersects U along [— x max , x max ] x {1} x {0} and 
[0, a; max ] x {1} x {zi} (reverse the orientation of S if necessary). If c is a Reeb chord 
of 70, we denote by c the union of c and the arc of 70 joining c + and c - . Recall 
that c + and c~ are the endpoints of c. 

Proposition 4.3. The contact form satisfies condition (C3) for all K > 0. In 
addition (see Figure [?]), 

• if la intersects three distinct components ofT, the set of Reeb chords 0/70 
is {c fc , k £ W} and [c~k] = [r ] fc ; 

• if 7o corresponds to a trivial bypass attachment, the set of Reeb chords of 
70 is {ck,dk,k £ N*} where [c&] = [dk] = [To] anrf i/ie z-coordinates of ct 
and d~£ are respectively anrf zi; 

• */7o corresponds to an overtwisted bypass attachment, the set of Reeb chords 
of Jo is {do, Ck, dk,k £ N*} where Ck and dk are as above for k £ N*, do is 
contractible and the z-coordinate of is Z\. 

In a trivialisation that does not intersect small translations of the Reeb chord 
along J^, we have fi(ck) = 1 and jl(dk) = 0. 

Corollary 4.4. We assume that 70 intersects three distinct components ofT. Let 
L > 0. There exists a contact manifold (M', a') obtained from (M, ab)after a bypass 
attachment along 70 such that for all I < L the set of Reeb periodic orbits homotopic 
to [Tq] is 

{«=(&!,..., k m )£{W) l ,l = k 1 + --- + k m } , 

1 / {cyclic permutation f . 

In addition, /i(7«) = m if J K is the orbit associated to n = (k±, . . . , k m ). 



Ra b 



p — k' (x)l(y)m(z) cos(x) sin(x) 
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Figure 7. Reeb chords 
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Corollary 4.5. An overtwisted bypass attachment creates a contractible Reeb pe- 
riodic orbit. 



z 's( s o) = —ZZZ7Z r, ^ v'z( s o) < 



Proof of Proposition \4-3\ For I small enough the Reeb chords are contained in Uo 
and more precisely in the neighbourhood where k = 1. Let Zq = sup{z, m([0, z]) — 
0}. We lift the .^-coordinate in Uo to K and denote by <5 = (xg, 2&) the image of 
70 on [— x max , aimax] x {1} x K (see Figure|7|. There exists s max < a; max such that 
dom(<5) = (— s max , 0). In addition lim s ^_ Smax zs(s) = +cx) and lim s ^ z s( s ) — z o- 
Let (x Zl , y Zl ) denote the image of 70 by the Reeb flow in the plane z = z\ . For all 
z > zo and for all small enough 77 > 0, ^(x 2 (s+^) — x z (s)) and ^(yz(s+??) — y 2 (s)) 
are non-negative. It holds that 

(1) x'M > 1 y' z (s) > ^J^zo 

(renormalise R ab and use condition (CIO)). Thus, if (so,l,0) and (x,l,z) are the 
endpoints of the lift of a Reeb chord, we have 

1 

tan(x z (s ))' 

and S intersects the segments [— x max , x max ] x {1} x {2kn} exactly for k € N*. In 
addition, there is only one intersection point. This point is the endpoint of a Reeb 
chord. If the bypass is trivial or overtwisted, let Zi denote to the smallest positive 
lift of zi £ S 1 . Then 5 also intersects [0,x max ] x {1} x {2kir + zi} if and only if 
k £ N* and there is exactly one intersection point. This concludes the description 
of the Reeb chords when 70 intersects three distinct components of T. 

We now compute /2(a) for some Reeb chord a. In the coordinates (R, ei^e-i) 
given by the symplectic trivialisation of £ along a, let v denote the projection of 
on (ei,e2). Then v =/= e\ and v is positively collinear to e2 at t = 0. Let R t 
denote the symplectic matrix induced by the differential of the Reeb flow on £ a ( t ). 
The vector dRt ■ ei does not cross M+v as x' z (s) > 1. Write dRt ■ &i = r(t)e ie ^\ If 
a = Cfe, then v is positively collinear to —62 at t = T(a). The tangent vector to the 
image of 70 on £ a + at the endpoint of a is 

X'z ( s o) 

y' Zo (so)cos 2 (xo) 
-2/^( s o)cos(a:o)sin(a;o) 
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where the endpoints of a are (so, 1, 0) and (xq, 1, zo). Using Q, we get 

0(T( O )) e(7r,^)+27rZ. 

Thus 9(T(ck)) € [""j27r] and p.(ck) = 1. If a = then u is positively collinear to 
ei at t = T(a). In addition, it holds that 

9(T(a)) e (0,|) + 2ttZ. 

Thus, we obtain 0(T(c fe )) € [0,tt] and /I(tf fc ) = 0. □ 



Proof of Corollary \4-4\ There exists v > such that for any small perturbation of 
a, the Reeb chords of \—v, u] x {1} x I max are arbitrarily close to {0} x {1} x I max . We 
apply Theorem |2 . 1 1 and Proposition |2 . 7| for A = v and K such that ii + • • • + i& < L 
implies S^ =1 T(ci^) < A". 



The set of Reeb periodic orbits homotopic to [Tq] in Corollary 4.4 corresponds 
to Reeb periodic orbits with period smaller that K described in Theorem |2.1| It 
remains to prove that there are no other Reeb periodic orbits homotopic to [To]'. 
If 7 is such a Reeb periodic orbit then 7 is associated to a periodic point of (p o if) 



(Proposition 2.7 1. We decompose ip into (^k)keN* so that, if a is a Reeb chord 
that contributes to ^k, then [a] = [To] k . For k < L, we have = ipk (see 



Proposition 2.7). Therefore 7 corresponds to a fixed point of <p o o • • • o o 



and ii + • • • + ifc = i and we obtain T(7) < K. □ 



5. Applications to sutured contact homology 



In this section we apply Theorem 2.1 and Proposition 2.7 to prove Theorem 2.4 
and Theorem |2.5| To compute the contact homology of a convex surface after a 
bypass attachment and of some contact structures on solid tori, we construct suit- 
able contact structures on the associated manifolds. On a thickened convex surface 
(Theorem 2.4 1 we start from the contact form described in Section |4j Theorem 2.5 



gives the contact homology of a contact structure £ on D 2 x S 1 such that 
(C4) the boundary dividing set T has 2n longitudinal components; 
(C5) for a convex meridian disc dividing set (D,T = UiLo-^i) there exists a 
partition of dD in two sub-intervals 1\ and I2 such that 

— dli is contained in two bigons (called extremal bigons); 

— if I = {i,dTi C I\ or dYi C I2} then D \ (Uirf/^O contains at most 
one component of T. 

All these contact structures are obtained from the contact structure (D 2 x S , £*) 
with parallel dividing set on convex meridian discs after a finite number of bypass at- 
. we compute the sutured contact homology of (D 2 x S 1 , £// ) 



tachmcnts. In Section 



5.1 



and apply Theorem |2.1| and Proposition |2.7| to obtain the Reeb periodic orbits af- 
ter a finite number of bypass attachments. To compute the contact homology (and 



4.4 



prove Theorem 2.5 1, it remains to control the differential. By Corollary 
bypass attachment creates many homotopic periodic orbits. This complicates the 
direct study of the differential. We get round this difficulty in Section [B~2] by prov- 
ing that all the holomorphic cylinders are contained in a standard neighbourhood. 
We deduce the differential in this neighbourhood by use of computations of contact 
homology in simple situations on a solid torus. 



5.1. Contact forms on solid tori. For n € N* and < 77 < j, let 

D n , v = {(x,y),x e [-7T + 7?- h(y),nir - 17 + h(y)) ,y € [-1, 1]} 
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where h : [—1,1] — > K is a strictly concave function with maximum h(0) < 77, 
vertical and zero at ±1 (see Figure [8]). On M„ j7) = -D„ )7) x S 1 , we consider the 
contact form 

a = f(x)dy + cos(x)dz + g{x, y)dx 



where 



/ is 27r-periodic, / = (— l) fe+1 in a neighbourhood of [kir 
f = sin near kir, k = — 1, ...,n; 
g does not depend on y for y > |; 

g = for y < and outside a neighbourhood of x = — - 



, kir 



and 



where / = — 1; 



• the leaves of the characteristic foliation of dM n rj are closed. 
Then (M nyVy ,ker(a)) satisfies property (C4) and a dividing set T 11 of the boundary 



is given by the curves x 



+ 77 - fc(0), a: 



kir 



0,.. 



1 and 



x = ?i.7r — ?y + h(0). Let D be a disc in M„ iV transverse to ^ with Legendrian 
boundary. As ^ is a contact vector field, 13 is convex. A dividing set is given by 
condition ■§- 6 £ and is thus composed of the curves x = fe7T + f,fc=— l,...,n— 1. 



Therefore (M,ker(a)) is diffcomorphic to (D 2 x S 1 ,*;//) (Theorem 3.3| 



Proposition 5.1. There exists a contact form a p on M, M; without contractible 
Reeb periodic orbits such that (M Bil) , ker(a p )) is diffeomorphic to (D 2 x S 1 ,^//) and 
the sutured contact homology 0/ (M n i; , a p , T^) is £/ie Q-vector space generated by 
n + = curves homotopic to {*} x S 1 , n_ = n — 1 — n + curves homotopic to 

{*} x (— S 1 ) and by their multiples. 

Proof. As in Section [4] we perturb a into 

a p = sin(x)dy + (1 + k(x)l(y)) cos(x)dz 

in a neighbourhood of x — kir, k = 0, . . . n — 1 such that x 1— > fc(x — fc7r) satisfies 
condition (C9) and I satisfies condition (CIO). By Proposition |4.1| the contact 
form a p is non-degenerate, adapted to the boundary. Its Reeb periodic orbits are 
the curves {kn} x {0} S 1 for k = 0, . . . , n— 1. These orbits are even and hyperbolic. 
Therefore 9 = 0. □ 

Let £ be a contact structure on M = D 2 x S 1 satisfying conditions (C4) and (C5) 
for some n G N*. There exist n, m > 0, a family of integers {kj} and {e^} S { — 1, 1} 
for j = 1 , . . . , m such that 

• 1 < kj < n — 2 and fcj+i — fcj > 3; 

• (M, £) is diffeomorphic to the contact manifold obtained from (M n)7) , ker(a)) 



after bypass attachments along the arcs 

7j = [(% - + I) 71 "] x {- £ jl x 

for j = 1, . . . , m (see Figure [8| . 



k\TT 



k 2 ir 



71 



72 



Figure 8. Attaching arcs 7^ 

Let <5fe = {kn} x {0} x 5 1 . We describe a contact structure on M„ i?J adapted to the 
bypass attachments along the curves jj. 
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Proposition 5.2. Let L > and < x max <C 1. There exists an arbitrarily small 
perturbation ab of a in M n ^ such that 

• 7j satisfies conditions (CI) and (C3) for all K > and for all j = 1,...,to; 

• ab is adapted to S \ [J Sz 3 ■ 

• ab — a outside Uk — [~x max + kir,x max + kir] x [—1,1] X S 1 for k = 
0,...,n-l; 

• the Reeb periodic orbits are the curves 5k for k = 0, . . . , n — 1, these orbits 
are even and hyperbolic; 

• the set of Reeb chords of jj is {cij,l G N*} and [cfj] = [{*} x "5* 1 ] ^ 1 



Proof of Proposition \5JQ In Uk, consider the contact form 

a b = f( x )<iy + (1 + k(x)l(y)m{z)) cos(x)dz 

such that x i-> k(x — kir) satisfies condition (C9), I satisfies condition (CIO) and 
m = in Z = [J Zj and m = 1 outside a neighbourhood of Z. By Propositions 4.2 



and 14.31 we obtain the desired conditions. □ 



Let (7+ = {kj,kj even} and tr_ = {kj,kj odd}. As in Corollary 4.4 we apply 
Theorem |2.1| and Proposition |2.7| to deduce the Reeb periodic orbits after the bypass 
attachments along the curves (7j) J= i...., m . 

Proposition 5.3. Fix L > 0. Let (M',a') be the contact manifold obtained from 
(M n ^ rn ab) after bypass attachments along the arcs (7j)j=i,..., m for K large enough. 

• For all 1 < I < L, the Reeb periodic orbits homotopic to [S 1 ] 1 are the 
curves S l 2k for 1 < 2k < n — 1 and the periodic orbits 7 a associated to 
a. = Ci lt j . . . Ci k j with i\ + • • ■ + ik — I and kj G <r + . 

• For all —L < I < —1, the Reeb periodic orbits homotopic to [S 1 ] 1 are the 
curves S l 2k+1 for l<2fe+l<n — 1 and the periodic orbits 7 a associated 
to el = Ci x ^j . . . c% j with i\ + • • • + ik = —I and kj G er_ . 

We denote by Bj the bypass attached to the attaching arc jj. 
5.2. Holomorphic cylinders. It remains to control the holomorphic cylinders in 



the symplectisation of the contact manifold (M',a') given in Proposition 5.3 Let 
Ej be the Q-vector space generated by the periodic orbit Skj and by the periodic 

orbits obtained after the bypass attachment along jj homotopic to [S 1 ] 1 . Let E l + 
and E_ be the Q-vector spaces generated by the periodic orbits 6 l 2k for 2k ^ c + 
and c>2fc+i f° r 2fc + 1 ^ <r_. The complex of contact homology is written 

Cf 1]! (Af>') = ffi E l + if I > 0, 
C[ sl]l (M', a') = E) 8 E l _ if I < 0. 

kj £ct_ 

Let I 3 b — [kj-rr — ^J, kj-K + ?f]. Consider i^ax such that 

Szj — [— x max + kjTr,x ma x + kjir] x {1} x /^ax- 

Lemma 5.4. For any adapted almost complex structure on the symplectisation of 
(M>') 

• 9 {E i ± = 0; 
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• for all j = 1, . . . , m, we have d(Ej) C Ej and any holomorphic cylinder with 
finite energy and asymptotics in Ej is contained in Uj U Bj (see Figure [IJ) 



where 



U kj -! U U kj U U k]+1 U (l( x [-1, 1] x P max ). 




Figure 9. Neighbourhoods Uj 



Proof. Let 



U = |J U kj U |J (4 x [-1, 1] x U Bj 

j=l...n jeCT ± 
W = ([-7T + 77, mr - 77] X [-1, 1] x S 1 ) \ 



The connected components of U are the sets Ui for I ^ a± U (<j± — 1) U (er± + 1) 
and Uj for j = 1, . . . , m. In W, all Recb orbits are Reeb chords joi ning the planes 
y = 1 and y 



-1. Let 7 be a Reeb periodic orbit (see Proposition 5.3 1. If 7 = S 1 , 



let = Uj . If 7 is derived from the bypass attachment along jj , let 

UT = U j u(l(x{-e J }xli m )uB J . 

In both cases 7 C U~. Let 7+ and 7_ be two homotopic Reeb periodic orbits and 
X — W \ {U 1+ U Uj_). As 7+ and 7_ are homotopic and fc J+1 — kj > 3, for any 
Reeb chord c in X there exists a path of properly embedded arcs in X connecting 
c and a Reeb chord in int(X) with reversed orientation. Thus, by positivity of 
intersection (Proposition 3.8 1, all holomorphic cylinders are contained in U. □ 



Let {M, £0 = ker(a)) be the contact structure obtained from {M^, ait,) after 
a bypass attachment along 71 = [0,2tt] x {1} x {tt} (Theorem 2.1). Let L an 



adapted dividing set of the boundary. The dividing set of a convex meridian disc 
contains exactly three connected components which are parallel to the boundary 



(Proposition 3.4 1. By Golovko's result (Theorem 3.6 1, the contact homology of 
(M, a, r) is generated by two periodic orbits homotopic to S 1 and by their multiples. 
We now compare this result with our construction and obtain useful properties of 
d E i . There are two periodic orbits of R a ' homotopic to S 1 (Proposition 5.3 1. If 

I > 0, we have C [ f ]l {M' ,a') = E l + and d E i + = (Lemma 

Cl Sl] '(M',a') = E{. Thus ker(<9 E i)/im(<9 E i) = 0. Let U denote the set U x given 
by Lemma |5.4| 



5.4 1. If / < 0, we have 



Proof of Theorem\2.5\ Let £ be a contact structure on M = D 2 x S 1 satisfying 



conditions (C4) and (C5). We choose the contact form given by Proposition 5.2 
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The neighbourhoods hij described in Lemma 5.4 are contactomorphic to hi. Thus 



ker(<9 Bl ) l\m(d E i ) = 0. Therefore HC^ S 1 (M, £o, T) = E l + for I > 0. As 

dim^i) + #{a±} + #{± extremal bigon} = X (S±) + #{t t }, 
we obtain the desired dimension. □ 

We now turn to the case of a thickened convex surface. Let S be a convex 
surface and T = U"=o F» be a dividing set of 5 without contractible components. 
Let 70 be an attachment arc in S intersecting three distinct components of T. Let 
M = Sx[— 1, 1] be the product neighbourhood of S and £ be the associated invariant 
contact structure. Choose a contact form a& of £ given in Section [4] We denote 
by (M',£') the contact manifold obtained from (M, £) after a bypass attachment 



along 7q x {1} and by V a dividing set of dM'. Fix K > and apply Theorem 2.1 



to obtain a contact form a' of Let B denote the attached bypass. The proof of 



the following lemma is similar to the proof of Lemma 5.4 



Lemma 5.5. For any adapted almost complex structure, the J -holomorphic curves 



in the symplectisation o/(M',a') are contained in (see Figure 10) 

n 

U=\JU i U(I b x[-l,l]xI max )UB. 



i=0 

In addition, hi is contactomorphic to hi. 




Figure 10. The neighbourhood hi projected on S 



Proof of Theorem \2.4\ Theorem |2.4| is a corollary of Lemma |5.5| The proof is 
similar to the proof of Theorem |2.5| □ 

6. Sketch of proof of the bypass attachment theorem 



We now sketch the proof of our main theorem (Theorem 2.1 1. A complete proof 
is given in Section [T] Fix K > 0. Let (M, £ = ker(a)) be a contact manifold 
with convex boundary (S, T) and 70 be an attaching arc satisfying condition (CI), 
(C2) and (C3). To describe the Reeb periodic orbits after a bypass attachment, 
we study the maps tps and ipM induced on Sz by the Reeb flow in the bypass and 
in M. Their domains and ranges consist of rectangles and these maps contract or 
expand the associated fibres. The maximal invariant set of the composite function 
is hyperbolic and this function is similar to a "generalised horseshoe" (see [2T)ll36| ). 
The Reeb periodic orbits correspond to the periodic points and are given by the 
symbolic dynamics. 

In Section |6.1| we present our notations. We describe the Reeb dynamics in M 
in Section [672] and in the bypass in Section [673] In Section [674] we prove that these 
dynamic properties indeed give the symbolic description of Reeb periodic orbits. 
Finally in Section [675] we sketch the construction of a hyperbolic bypass: a bypass 
with Reeb dynamics described in Section |6.3| 
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6.1. Notations. We say that a (partial) function ip : X — > Y is decomposed into 
if dom(<pi) is a union of connected components of dom((^), (dom((pi))j e j is 
a partition of dom((/?) and (fii = ¥>|dom(ip;)- 

In coordinates (x, y, z), let S yg denote the plane y = i/o, X- yo — XD{(x, y,z),y < 
y }, X^ n = Xn {(x,y,z),y> y } andl^' 91 ' = ^ Sl nl^». For all < A < f , 
we consider the following subsets of Sz (see Figure 1 1 1 
/ 4 



R>= U 

\fe=0 



kn (k + l)7r 



X 7„ 



k,- X - M+ X - 

2' 2 



x 7„ 



X = 
Y = 



[o, J] x [-z max ,0))U 
0))U 



5?r 



7T, 



X -Z-n 



7T 37T 

4' T 

57T 77T 

T' T 



x 7„ 



3tt 



x (0, z n 



X 7 n 



u 



7tt 



,2tt 



x (0, z n 



For positive z prod and i/ st d, let 7 prod = [-^prod, Zprod], 5*7? = [f , t] x {y st d} x 7 prod 



Rx 



Rx 



Rx 



Rx 



Rx 



Rx 




Figure 11. The subsets 7? A , Q\, X and Y 

and S Bt h — — e, ^f- + e] x J max . A rectangle is a closed set diffcomorphic to 
[0, 1] x [0, 1]. This set inherits horizontal and vertical fibres from [0, 1] x [0, 1]. 
In (M 2 , (-, •)), let D be a straight line and v > 0. The v-cone centred at D is the 

set 

C(D,u) = {we K 2 , |(u>,«)| < v\{w,u)\} 

where u is tangent to D and (it, u) is an orthonormal basis. We denote by H and V 
the horizontal and vertical axes. Let U and V be two open sets in M 2 and / : U — >• V 
be a diffeomorphism. The image of a cone field C on 17 is the cone field f*C on V 
defined by (/*C) = <iff- 1 ( p ) y^f- 1 ^))- If ^ an d C are two cones fields on U we 
write C C C if C p C for all p £ U. If z — > j(z) is a smooth curve in R 2 , let 
C^( 7 ,e) = C( 7 '(z),e) and C x<z {^,e) = C{i{z)^,e). 

6.2. Reeb dynamics in M. We now study the Reeb dynamics is the manifold M 
with boundary. To attach an adapted bypass we will perturb the contact form a. 
We want to control the map i/jm induced by the Reeb flow in M for times smaller 
than K and for the contact form a and perturbations of a. The Reeb chords of Sz 
that contribute to ipM for the contact form a are close to the Reeb chords of 70. 
Nevertheless, as V n Z is contained in Reeb orbits, this decomposition is not stable 
by perturbation and some Reeb chords may appear near the dividing set. 
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Let A > 0, the pair {Sz, A) is said to be K -hyperbolic if ipM can be decomposed 
into (ipj)j =0 N and (see Figure 121: 

(1) dom(^ ) C Qx and im(^ ) C Q\; 

(2) if x G [kit — ^, kn + ^1 and (x, z) 6 dom(V'o) then 

• (ipo)x{v, z ) g [ fc7r - |) fc7r + |] ; 

• (^o)^(a ; ) z) < z if fc is odd; 

• (' l Pa)z(x, z) > z if k is even; 

(3) for all j G [1,-^V], dom(ipj) and im(^ J 
fibres and the ipj reverse the fibres. 

Note that one can have dom^o) = or N 



are rectangles in R\ with horizontal 
= 0. Let (i, v and r be real positive 




FIGURE 12. A if- hyperbolic surface 



numbers. A if -hyperbolic surface is dominated by lu = (fi, v, r) if for j — 1, . . . , N 
there exist segments D\ j C dom('0j) and D^j C im(-0j) with boundary on z = 



izmax such that (see Figure 12 ) 



(1) the tangents of the vertical fibres of dom(tpj) and im(ipj) are respectively 
inC(Dij, v) and C(£>2,j, v)\ 

(2) (^),C('ff,i/) cCp 2)j ^) and (^^Cfff.i/) cC(% )M ); 

(3) the return time of is contained in (T(a,j) — r, T(aj) + r). 

Let e > 0. A if -hyperbolic (w-dominated) surface (5 7 , A) is e-stable if for all e- 
perturbation of a preserving 70, (S" 7 , A) remains if- hyperbolic (and w-dominated) . 

Proposition 6.1. Let r > and /i > 0. There exists a contact form arbitrarily 
close to a, z max small and some real positive numbers v , A and e such that 

• a satisfies conditions (CI), (C2) and (C3); 

• (SzjA) is K -hyperbolic ([i,v,t)- dominated and e- stable. 

Proof. After a small perturbation of a, we can assume that the images of 70 \ L 
on Sz by the Reeb flow and the opposite of the Reeb flow for times smaller that 
if are transverse to 70. The intersection points correspond to the endpoints of 
the Reeb chords a\, . . . , a at. For z max small enough, the domain and range of tpM 
are contained in a small neighbourhood of the endpoints of the Reeb chords. We 
choose dom(^o) = 0- Let Dij and D 2 j be the tangent to the image of 70 \ T on 



Sz at the endpoints of the Reeb chords ai, . . . , a/v (see Figure 13). We obtain the 
vertical fibres of dom(V'M) an d im(^jvf) as the inverse images and images of the 
horizontal segments in im(tpM ) and doni(ipM)- For small enough perturbations of a, 
the structure of ipM is preserved outside Q\. In Q\ x [— y max ,0], the component 
|i? z | is close to 1 and V'o satisfies the desired conditions. □ 
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<M7o) 




Figure 13. The segments D 2 .i and the rectangle structure of im(^ 1 ) 



6.3. Reeb dynamics in the bypass. We now describe the desired dynamics in 
the bypass in terms of horizontal rectangles. A hyperbolic bypass in Z is a triple 
(B, olb. A) where (B, as) is a contact manifold in Z and A is a real positive number 
such that 



(1) 

(2) 



B-° = Z-° and is adapted to the boundary in Z-\ 
the map ips induced on Sz by the Reeb flow in B can be decomposed into 
maps ipo and ipi such that 

• dom((/? ) C Q\ and im(<ys ) C Qx; 

• dom((/?i) C X and im(<£>i) C Y; 

• if x G [far — |, kn + -|] and (x, z) G dom(^?o) then 

— (ip )x(x, z) G [kir - |, far + |]; 

— ( ( / 3 o)z(2 ; 7 z) < z if fc is odd; 

— (<^o)z( a; j z ) > z if k is even; 

(3) the restriction of ipi to Rx can be decomposed into (<fii,j)i,je{o,i} ( see Fig ure 
14 1 where dom(ipij) and im((/jj are rectangle as large as Rx with vertical 
reverse the fibres. 



fibres and the <fi 




FIGURE 14. The rectangles dom(<p, j) and im^jj) 

As in the previous section we want to control the return time and obtain some 
cone-preservation properties. A hyperbolic bypass (£>, ag, A) is dominated by ujg = 
(v,t,A,ti) if 

(1) {ipij) t C(V, A) c C(H, v) and C(V,A) C C(H,v); 

(2) Hd^j^u)!! > for allpG domfoj) and « G C p (V,A); 

(3) ||d^rj(p,«)|| > I||t;|| for all p G im^) and t> G C P (F, j4); 

(4) the return time in i?> is bounded by 8r. 

The following theorem is the main ingredient in the proof of Theorem |2.1| 
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Theorem 6.2. Fix K > 0. Let (M, £ = ker(a)) &e a contact manifold with convex 
boundary (S, T) and 70 be an attaching arc satisfying conditions (CI), (C2) and 
(C3). For all real positive numbers v, t, A, rj, e and X and for z max small enough 
there exists a hyperbolic bypass (Vb,0!b,A) obtained from after a bypass 

attachment along 70, dominated by (v, r, A,r)) and such that cxb is e-close to a. 

If (Sz,X) is if-hyperbolic, e-stable and (fx, v, r)-dominated, we call the bypass 
attachment described in Theorem |6.2| a K-hyperbolic bypass attachment. 



6.4. Reeb periodic orbits after a bypass attachment. Before turning to the 
proof of Theorem |6.2| we prove that Theorem |6.2| and Proposition |6.1| imply The- 
orem |2TT] and Proposition |2.7| We prove this result in two steps: 

(1) we obtain a symbolic representation of the Reeb flow in restriction to R\; 

(2) we prove that all new Reeb periodic orbits intersect R\. 

Fix K > 0. Let (M, £ = ker(a)) be a contact manifold with convex boundary 
(S, T) and 70 be an attaching arc satisfying conditions (CI), (C2) and (C3). We 
assume K ^ 1(a) for all words a on the letters 01, . . . , ajv- Thus, there exists Ek 
such that \K — l(a)\ > ek for all words a. Let lo be such that l(ai) > lo for all 
i = 1, . . . , N. There exists £q such that these estimations remain satisfied for all 2e - 
perturbations of a. Without loss of generality Zq < 1 an d t£ < 1. Let r < j^tpEk- 



We apply Proposition 6.1 to obtain a iif-hyperbolic surface, (/x, v, T)-dominatcd and 
e-stable. Without loss of generality e < £0, v < fi and C(Dij,^i) n C(H,fi) = {0} 
for i = 1,2 and j = l,...,N. Choose A > such that C(Aj)M) C C(V,A) 
and C(V,A) nC(H,fi) = {0} for i = 1, 2 and j = 1, . . . , N and for all contact 
forms £-close to a. Choose M > such that ||d^-|| < M and ||di/'^ 1 || < M for 



6.2 



to 



j = 1, . . . , N and for all £-perturbations of a. Let rj < ^jj. Apply Theorem 
obtain a hyperbolic bypass (Mb, as, A) dominated by (v, r, A, r\) and such that as 
is £-close to a. 

To obtain a symbolic representation of the new Reeb periodic orbits, we apply 
a fixed point theorem in hyperbolic situations. The following proposition derives 
from [351 Theorem 3.2]. 

Proposition 6.3. Let R and R' be two rectangles in [0, 1] x [0, 1] such that the 
vertical boundaries of R are contained in {0, 1} x [0, 1] and the horizontal boundaries 
of R' are contained in [0,1] x {0,1}. Let F : R — > R' be a diffeomorphism such 
that, for some A > 0, v > and a > 2 

• F*C(V, A) C C(V, A) and F~ 1 C(H, v) C C(H, v); 

• Hd-F -1 ^, v)\ > a||u|| for all p <E R' and v € C P (H, v); 

• \\dF(p,v)\\ > a\\v\\ for all p £ R and v £ C P (V, A). 

Then F has a unique fixed point. 

Proposition 6.4. Let a = . . . ai k and F a — ipi k o tp B . . . ip it o ip B in restriction 
to R\. The map F a has a unique fixed point. The period T(^g) of the associated 
Reeb periodic orbit 7 a satisfies T(^ a ) £ [1(a) — 9kr, 1(a) + 9kr\. 

Proof. By induction on k, the map F a can be decomposed into F* and Ff such 



that (sec Figure 15 1 



im(F l a ) are rectangles as high as R\ with horizontal fibres; 
(\oth(F^) are rectangles with vertical fibres contained in two different com- 
ponents of R\ and as large as the associated component; 
F B .C(V,A) cC(%,m) and F~\C(H,v) c C(H,v); 
\\dF a l (p,v)\\ > pkplMI for all p £ im(F a ) and v £ C P (H, v); 
\\dF a (p,v)\\ > j^IH for all p £ dom(F a ) and v £ C p (V,A). 
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Figure 15. The maps F* and Ff 



To obtain a unique fixed point, we apply Proposition |6.3| to the component of F a 
such that dom(.F*) n im(F 4 a ) ^ 0. The estimates on the period of the associated 
Reeb periodic orbit derives from the estimates on the return time. □ 

We now turn to the second step of the proof. 

Proposition 6.5. Let 7 be a Reeb periodic orbit intersecting Sz in Py and such 
that T(j) < K. Then p 7 <£Q\. 

Proof. We control the Reeb orbits intersecting Q\ and prove that they are not 
periodic. Let Xk = [kn — ^ } kn + |] and po = qo G im(i/> ). As long as these 
expressions are well-defined, let p 2 i+\ = ^M~ l (P2i), P21+2 = <Pb~ 1 {P21+i), <?2i+i = 
<Pb{p2i) and q 2i+2 = ^m(?2/+i)- Write p t = (x t ,yi) and qi = (x'^yl). There exists 
k such that xq G X k - The following implications hold. 

• If k is odd and zq > 0, then xi G Xk and z 2 i < z 2 i+i < z 2 i+ 2 . 

• If k is even and zq < 0, then xi G Xk and z 2 i > z 2 i + \ > z 2 i+ 2 - 

• If fc is even and zq > 0, then x\ G X k and z 2 ^ < ^i+i *^ z 2i+2- 

• If k is odd and zq < 0, then x[ G Xk and z' 2 i > z' 2l+1 > z' 2l+2 . 

We give a detailed proof in the case k odd and zq > 0. The proof of the other 
cases is similar. We prove the result by induction. If x 2 i G Xk, z 2 \ > and P2J+1 
is well-defined then p% = i{jm(p21+i) and p 2 i G Uj r im(V>i). As p 2 i G Qa, we have 
P21 G im(V>o)- Therefore, p 2 i = i>o{p 2 i+\) and p 2 /+i G dom(-0 o ). Thus, we obtain 
^2;+i G X k and z 2 i +1 > z 2i . If x 2 ;+i G X k , z 2l+x > and p 2i+2 is well-defined, 
then p 2 ;+i = ^Pb{p21+2) and j?2i+i G Y U im(^ )- As fc is odd, we obtain z 2l+ i > 
and p 2 i+i G Q\ and therefore P2/+1 G im(ip ). Thus, we have p 2 ;+i = <fio(P2i+2) 
and p 2 ;+2 G dom(<^ ). Consequently, x 2l+2 G X fe and z 2t+2 > z 2 i + i- 

Let 7 be a Reeb periodic orbits intersecting Sz in P-y G Qa and such that 
T( 7 ) < K. If p 7 G 5 1 -, then Lps(Py) G 5+ n Qa- Thus, without loss of generality, 
we can assume p 7 G S+. Therefore p 7 G dom(<ps) n im(^o) and x 7 G Xk- If A; is 
odd and z~ i > 0, then is well defined for all / G N, z\ in increasing and 7 is not 
periodic. This leads to a contradiction. The proof of the other cases is similar. □ 



Proof of Theorem \2.1\ Let a = a^.-.a^ be a word such that 1(a) < K. By 
definition of l , we have k< f. Thus T( 7a ) G [1(a) - , 1(a) + ^f) and T(j a ) < 



K (Proposition 6.4 1 



Conversely, let 7 be a Reeb periodic orbit intersecting Sz and such that T(j) < 
K. Let pi, . . . ,pk denote its successive intersection points with S+ and q\, . . . , qk 
its successive intersection points with S- . By Proposition |6.5| for all j = 1 . . . fc 
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there exists ij such that qj € dom(^-) and Pj+i — ipiAQj)- Let a = a 



Then po is the fixed point of F a . Then 1(a) < K + 9fcr (Proposition 6.4) 
k < and fc < ^. Therefore 1(a) < K + e K and 1(a) < K. 



Thus 
□ 



Proof of Proposition \2.7\ There exists s such that for any e-perturbation of a, the 
map ipM can be decomposed into ipo and ipi such that i/'o has properties similar 
to those described in the definition of K- hyperbolic surface, dom(i/>i) C R\ and 
im(^i) C R\ - Apply Theorem 6.2 for A = Ao and any v, r, A and 77. As in 
Proposition 6.5 if 7 is a Reeb periodic orbits intersecting Sz in P-y, then p 7 ^ Q\. 
Thus any Reeb periodic orbit intersects S- at a periodic point of lpb o ■0. □ 

6.5. Hyperbolic bypasses. We now give an overview of the proof of Theorem 
|6.2| It is the main and last step in the proofs of Theorem |2.1| and Proposition |2.7| 
The complete proof is technical and is the subject of Section [7] 

Honda's construction (see Sections 3.2 and 7.1l provides us with a bypass at- 
tachment (M' , a') along the attaching arc 70 but a' is not adapted to the boundary. 
This attachment, if properly performed, does not create any Reeb periodic orbit. 
Indeed, near Sz, the Reeb vector field is tangent to the planes x = est and its 
slope is tan(x). Thus, all Reeb orbits intersecting Sz outside a neighbourhood of 



3tt 
2 



go out of the bypass (see Figure 16). Therefore the domain and 




z 



Figure 16. A non-convex bypass attachment 



range of the map induced on Sz by the Reeb flow in the bypass are contained in 
neighbourhoods of x — ~ and x = By definition of a K- hyperbolic surface, 
there is no new Reeb periodic orbit. 

To obtain a contact form adapted to the boundary, we use the convexification 
process described in [5] . It consists in gluing a small "bump" with prescribed contact 
form along the non- adapted part of the dividing set (see Figure 17 1. Inside this 




Figure 17. The convexification bump 

bump the Reeb vector field is nearly tangent to the dividing set. The restriction 
of ips to R\ is now non-empty. The path of the associated Reeb chords is the 
following 
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Figure 18. Reeb chords of R\ 



they enter the convexification bump and follow the dividing set (see Fig- 
ure 



18 left); 



then, they reach the area in M' where the Reeb vector field is nearly tangent 



to the dividing set T D x {0} and travel along T D x {0} (see Figure 18 centre); 



finally, they go out of the bypass in a similar way and intersect R\ again 



(see Figure 18 right) 



To understand the Reeb dynamics and obtain cone-preserving properties, we de- 
scribe the image of vertical curves on intermediate surfaces (see Figure 19 1. A 




Figure 19. Images of vertical curves in the bypass 

vertical curve is stretched into the convexification bump, then transported (and 
slightly stretched) in the upper part of the bypass. After a last visit to the con- 
vexification area, the curve becomes nearly horizontal. The effect on the level of 
rectangles is shown on Figure [20] 

We now translate these intuitive pictures into more explicit conditions on the 
Reeb flow in the bypass. Section [7] is devoted to the construction of a bypass 
satisfying these conditions. Let (M, £ = ker(a)) be a contact manifold with convex 
boundary (S, T) and 70 be an attaching arc satisfying conditions (CI), (C2) and 
(C3). We divide the bypass into two regions, the region y < y std where the contact 
form is standard and the convexification bump is added and the region y > 2/ stc j 
where the contact structure corresponds to a thickened half overtwisted disc. We 
use the notations from Section |7.1| Fix real positive numbers K, v, r, A, 77, e 
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Figure 20. Rectangles on intermediate surfaces 



and A < |. Let (B, cub) be a bypass such that the boundary Sb is convex, as is 
adapted to 5s, olb is arbitrarily close to a and the Reeb flow satisfies the following 
properties. 

Reeb dynamics restricted to R\. (To reduce the number of compositions we consider 
the map induced by the Reeb flow between Sz and Sr.) 

(Bl) There exist real positive numbers Si, er and Ar, two graphs in z denoted 
Sq and Si and a decomposition (yoi^i) °f the map induced between Sz 
and Sr for positive time such that 

• dom((/?i) are rectangles with vertical fibres and basis + A, n — A] and 



A] (see Figure 20 1; 



[7T + A,f 

im(y i ) are rectangles in an e^-ncighbourhood of Si with horizontal 
fibres and basis / pro d (see Figure [20|); 
ifi preserves the fibres (see Figure]l9| ; 
(<Pi).C(V,A) C C{Si,e R ) and (lp~ 1 )~C(5^,Ar) c C(H, u); 



\\dfp t 1 (jp, v) || > ^||«|| for all p G im(^) and « € C p (^, A R ); 
\\dipi(p,v)\\ > for allp G dom(^i) and « G C P (V, A); 



— the return time is bounded by 4r. 
(B2) The map induced between Sr and Sz for positive times can be decomposed 
into (p' and ip^ and there exist two graphs 5° and S 1 satisfying similar 
properties. 

(B3) C{Si,s R ) C C(5^,Ar), C(S\er) C C(<5+, Ar) and S and <5' intersect trans- 
versely in one point if d& {5, Si) < Er and dgi (S', 5°) < £r. 
Reeb dynamics in B- y,td . 

(B4) The domain of the map induced by the Reeb flow on S ystd is contained in 

[| - 5> I + |] X 7 Pi'od and its ran § C in [if - | >TT + |] X Vod- 

i?ee& dynamics in B^ ' Vstd ^ . 

(B5) There is no return map on S yatd . 
(B6) The return map on can be decomposed into 9q 

• dom(d k ) C S\ 2k and im(6> fc ) C S\ 2fc ; 

• (&k)z(x, z) < z if k is odd; 



#i and 9 2 such that 
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• (@k)z(x, z) > z if k is even. 
The Rccb chords which contribute to Ok do not intersect a neighbourhood 

(B7) The map induced between Sz and S Vstd for positive times can be decom- 
posed into two maps with domains in X and X + 2ir and ranges in S\ 1 
and S\ 

21° 

(B8) The map induced between Sy 3td and Sz for positive times can be decom- 
posed into two maps with domains in S\ 3 and S\ _ 1 and ranges in Y and 
Y-2n. 

Proposition 6.6. The bypass (B, as, A) is hyperbolic and {v,t, A, rf) -dominated. 

Proof. The map <pb can be decomposed into (po and (pi where the Reeb chords 
which contribute to ipo do not intersect S Vstd and the Reeb chords which contribute 
to ipi intersect S Vstd . The properties of c/?o derive from condition (B6). By condition 
(B5), ipi is the the composite of the maps described in conditions (B7), (B4) and 
(B8). Thus dom(^i) C X and im(^i) C Y. By conditions (B4) and (B5), the 
restriction of <px to R\ is the composite of the maps described in conditions (Bl) 
and (B2). Conditions (Bl) and (B3) ensures that the composite map is a map 
between rectangles. The hyperbolic properties derive from conditions (Bl), (B2) 
and (B3). □ 

7. Hyperbolic bypasses 

In this section we construct a bypass satisfying conditions (Bl) to (B8) and thus 
end the proofs of Theorem |2.1| and Proposition |2.7[ Fix some positive numbers 
A < |, y s td, t and z pro( j < z max . In what follows, we have z max <C 1. 

The construction of a hyperbolic bypass is technical. We start from an explicit 



contact form on a bypass inspired from Honda [27] (Section 7.1l. In Section 7.2 
we present some preliminary lemmas ensuring a precise control of the Reeb flow. 
Section |7.3| presents a preparatory perturbation of the contact structure in the 
bypass called a pre-convex bypass. This pre-convex bypass determines the curves 
5i and (P (condition (Bl)). The actual construction begins in Section 



7.4 



with the 

description of adapted coordinates. In Section |7.5[ we present the convexification 
contact form in the coordinates described in Section 7.4 In Section 7.6 we prove 
that our construction satisfies the desired conditions. 

7.1. Explicit constructions of bypasses. In this section we present an explicit 
construction of a bypass attachment. This construction is due to Honda [27 and is 
the first step of our explicit construction in the proof of Theorem |2.1| We construct a 
contact structure on the product of a smoothed half overtwisted disc and smoothen 
the product. 

Let (M, a) be a contact manifold with convex boundary (S*, T) and 70 be an 
attachment arc satisfying condition (CI). In coordinates (x,y) £ lb x R + , let 
Uy = [ — f i ^r~] x ano - 7i = lb x {0}. Consider closed set A diffeomorphic 



to a square (see Figure 21 1 such that A = lb X [0, j/o] outside Uq and 



ax = -nu ({-^-} x [°>vo]) u ({^r} x u ^ 2 - 

Choose a 1-form /3 on A such that 

(1) there exists yp > 2t/ s t<j such that (3 — sin(x)dy in A \ U2 Vstd and f3 is a 
positive multiple of sin(x)dy for y <yp] 

(2) in U Vf> n A the singularities of @ are 

• a half-elliptic negative singularity in (it, Up); 

• two half-hyperbolic singularities in (0, yp) and (2ir,yp); 
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• two positive elliptic singularities on dA for x = and x — 2tt; 

• positive singularities on dA n U V/j ; 

(3) there exists a smooth proper multi-curve Ta dividing A into two sub- 
surfaces A± such that ±d/3 > on A±, dA + is oriented as and /3r_4 > 0; 

(4) if Tjj is the component of joining (§,0) and (4f ,0), there exist coor- 
dinates (r, 0) e - e, ^ + e] x [0, max ] = W near T D such that r_o ~ 
{f} x [O,0 max ] and /3 = sin(r)d0. 




Figure 21. A smoothed half overtwisted disc 



Remark 7.1. One can assume that 



f TD (3 <t by replacing /3 by (1 - b(x)c(y))f3 



where b and c are suitable cut-off functions. 



We now follow [TB] to construct an invariant contact structure on A x K. Let 
a — p + f(x, y)dz where 

• f(x, y) = cos(x) for y < § y std or x$ [-§ , ^] ; 

• in W, the function / depends only on r and is decreasing, in addition 
f(r, 0) = cos(r) near r = ~; 

• in £7^ \ W, / = ±1 if ±d/3 > 0; 

• elsewhere f(-,y) has the same variations as cos and 

— if y > 2y st d, the function / does not depend on y and interpolates 
between cos and 1 

— if y < 2y s ta, the function / interpolates between cos and /(-,2j/ s td)- 
We now smooth A x 7 pro d to glue it on Sz- There are three types of corners: the 
convex corners 72 x {±z pro( j}, the concave corners 71 x {±z pro d} and the corners 
associated to x = — ^ and x = . We smooth the convex corners using a function 

^sup : h x -fprod - > ^-*+ 

independent of x for x ^ [— -| , ^l 21 ] and such that l sup (-, z) is strictly concave with 
maximum 72 (x) at z = (see Figure 22 1. Similarly we smooth the concave corners 
using an even function 

-max; -2prod] U [^prodi ^max] ^ [0; ^/smooth] 



Hnf 



decreasing and strictly convex on [z pro d, zo] an d zero on [zo, z m ax]- 
assume y smoot h < 2/std < inf(/ sup ) and im(7 sup ) n (W x J prod ) = 0. 



In addition, we 
To smooth the 



l sup 



^prod 



^inf I 

+z ^ 



y smooth 



•2prod 



y 



B 



^prod 



Figure 22. Bypass smoothing 



REEB PERIODIC ORBITS AFTER A BYPASS ATTACHMENT 



20 



remaining corners, we first perturb the previous smoothing for z < and x close 
to — | so that the perturbed boundary is the graph of a function 



7T 

2 



such that |^ 

oy 



TT 

2 

dh. 



X (0,y ) -> (-«max,0) 



> on dom(/i) and ^(x,y) > r] > for all |x — ^| < . There exists 
e < e s such that cotan (— | — e) < rj. We smooth the boundary of the bypass for 
x G [ — ^- — e, — ^ — ^] so that the new boundary is the graph of 



7T 

2 



TT 

2 



-•max 7 •'-rna.xj 



[0,lto] 



and 



k = for x close to 



< 

dk 

dz 



dk 



< i for all z < 0; 



< for all z > 0. 



We smooth the boundary for x close to ^ with a similar construction and denote 
by B the smoothed product. Let M' — MUB. Then M' is a smooth manifold with 
boundary 5'. 

Proposition 7.2. After an arbitrarily small perturbation of the contact form near 
72 x {0}, the boundary S' is convex. A dividing set, denoted by T smoot h, is given by 



the tangency points between the Reeb vector field and S' (see Figure 23) 




FIGURE 23. The dividing set r smooth 



Remark 7.3. The dividing set r smoot h is disjoint from the graphs of h and k. 
Indeed, the Reeb vector field is tangent to the graphs of h or k if and only if 
^(x,y) = cotan(x) or §| (x,z) = tan(x). 

Proof. By use of the implicit function theorem, the set of tangency points between 
the Reeb vector field and S' is a smooth curve V. In addition the characteristic 
foliation of S' is positively transverse to V except along Uq (72 X {0}). In a 
neighbourhood of Uq D (72 x {0}) , we consider the contact form a + s(x, y)dx where 
e is a non-positive, small and smooth function that does not depend on y in a 
neighbourhood of { — ?, ^} x {yo}. This perturbation does not change T and the 
characteristic foliation of 5" is now positively transverse to T everywhere. We apply 
Lemma 3.1 to obtain the convexity of S'. □ 



Proposition 7.4 (Honda |27|L M' is obtained from M after a bypass attachment 
along 71 . 

The dividing set is pictured on Figure [23] Figure [24] shows the associated Reeb 
vector field. In particular, a is not adapted to S' . 
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Ra 



R 



Ra 



R. 



Ra 



Figure 24. The Reeb vector field along r smoot h 



7.2. Preliminary lemmas. This section can be skipped on first reading. We 
present bounds on z max and on the perturbations of the contact form ensuring a 



precise control of the Reeb flow. Let O 
cos(a;)d,z. 



h x [0,2/std] x -fmax and a = sin(x)dy 



Lemma 7.5. For small enough perturbations of a, the x-coordinate of any Reeb 
orbit in O covers an interval of length at most g . 

Proof. The x-coordinate of R a is zero and the amount of time spent in f2 by a Reeb 
orbit is uniformly bounded. □ 

Lemma 7.6. For z max small enough and for any small enough perturbation of a 

• condition (B6) is satisfied; 

• for all < y < \y s td, the map induced between S y and S Vstd for positive 
times can be decomposed into two maps with domains in Sx 1 and Sx 5 and 
ranges in S\ 1 and Sx 5 ; 

• the map induced between S Vatd and Sz for positive times can be decomposed 
into two maps with domains in S\ 3 and Sx _ 1 and ranges in Sx 3 and 

• the amount of time spent in CI by a Reeb orbit is bounded by 2(y st d + z max ). 



Proof. For z max small enough, the domain and range of the map from S y to S Vstd are 
contained in Sx 1 and 5* a 5 for all < y < |y s td- Similarly, the domain and range 
of the map from S Vstd to S y are contained in Sx 3 and Sx _ 1 . Thus the conditions 
on the map between S y and S Vatd are satisfied for any small perturbation of a. 

We now prove condition (B6) and the return time condition. For any small 
perturbation of a 



\Ry 

\R Z 



> | outside 



S A nUS. 



.2 U Sx A x [0,y std ] 



> I into 



\ S ^,o^ S ^,2^Sa a ) x [0,y std ]; 



the hypotheses of Lemma 7.5 are satisfied 



Thus any Reeb orbit intersecting Sz outside Sx U Sx 2 ^ Sx 4 is not a Reeb chord 



of Sz (Lemma 7.5 1. Any Reeb chord of Sz stays in 5a 2k for some k. Along any 



Reeb orbit, \R y \ > \ or |J? Z | > \ (Lemma 7.5| and we obtain the desired bound on 
the amount of time spent in f2. 

Finally, the period of any Reeb chord of Sz is bounded by 2z max . Thus, for small 
enough perturbations, the y-coordinate covers an interval of length at most 2z max 
and 2z max < y s td for z max small enough. Thus the Reeb chords which contribute 
to 9k do not intersect a neighbourhood of S yM and condition (B6) is satisfied. □ 

Remark 7.7. If the contact form is not perturbed near x = kw there is no Reeb 
chord on Sz or 5j, std . More precisely, let y £ [0, y s td) and a' be a small perturbation 
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of a such that a' — a in (S^o U 811,2 U Sz ,4) x [j/, y s td]- Then there is no Reeb 
chord of Sy Btd contained in I b x [y,y std ] x 7 max . 



We smooth the corners of f2 as described in Section 7. 1 The dividing set is given 



by the smooth curve r smoot h (see Proposition 7.2 1. We still denote by r smoot h its 
restriction to f2. The convexification process will take place in a neighbourhood of 
Tsmooth and will radically change the contact form. To control the new Reeb orbits, 
we first control the Reeb chord of a neighbourhood of r smoot h. 

Lemma 7.8. There exists an arbitrarily small neighbourhood V smoot h of r sTOOot /, 
such that, for any small perturbation of a, the Reeb chords joining two distinct 
connected components ofV sm0 oth are contained in S\ 2k x [0,y s td]- I n addition, the 
orientation of these Reeb chords is given by the sign of the z-component of R a . 

Proof. There exists e < | such that for any small perturbation of a, any Reeb 
orbit intersecting S e , 2 fc+i x [0, y std ] x [z prod - e, z max ] remains in S E ^k+i x [0, y s td] x 
[ Zp ^ od , z max ] for k = —1, . . . , 2. In addition, we ask that the x-coordinate of any 
Reeb orbit in covers an interval of length at most | . 

Choose some neighbourhood Vsmooth of r smoot h with radius smaller that | . Any 
connected component of V smoo th is contained in 

kir e (k + 1W el r „ . 

Y~2' 2 + 2 X t ' Vstd ^ X max 

for k — —I, ... ,5. Consider the connected component contained in 

x [0, y std ] x I n 



7T £ , e 
lit , ITT H 

2 2' 2 



L max ■ 



Any Reeb chord connecting this component to another is contained in S Si 2i—i x 
[0,2/std] or m S £ ,2i x [0,2/ s td]- By definition of e, there is no Reeb orbit in S £ ^i-i x 

[o.y.td]- □ 

Lemma 7.9. Let (A,/3) be a bypass foliation. For z max small enough, for any 
smoothing as described in Section \7J\ and for any small perturbation a' of a such 
that a' — a in (Sk : o U Sz t 2 U SzA x [y s td, 2y s td] the condition (R>4) is satisfied. In 
addition, the return time is bounded by 9 m ax- 

Proof. For y 6 [y s td, §2/std], we have a = sin(x)dy + cos(x)dz. Thus the domain 
and range of the return map can be made as close to x — kit as desired for z max 
small enough. In addition, the only i? Q -chord is Tjj x {0} and the return time is 
bounded by max - D 

7.3. Pre-convex bypasses. Let [B, a) be a bypass as defined in Section [7T[ In 
what follows we will always assume the the smoothing map Z; n f is invariant by 
mirror symmetry along the plane z — z P rod — V — for z > z pro( j. We assume 
2/smooth < 24 |p- Recall that the Reeb vector field is tangent to the dividing set 
Tsmooth of dB = S' when S' is vertical and points toward S'_ in the concave part of 



S' (Proposition 7.2 1. To apply the convexification process we first "eliminate" the 
tangcncy points between R a and r smoot h by perturbing a to obtain a pre-convex 
bypass. We use the symmetries of the bypass to extend local constructions. In 
particular, if (x,y,z) € [|, ~] x [0,y st d] x [z plod , z pmd + y st d], let 

(2) cr(x, y, z) = (-x +Y ,Z ~ Zprod ' y + Zprod 

be the rotation of angle tt with axis x = ^p, y = z — z plod . For (x, y,z) £ [ — X' 
[0,y s td] x [0,z max ], let 

(3) r(x,y,z) = (-x,y,-z) 



32 



ANNE VAUGON 



?A = 



be the rotation of angle n with axis x = z = 0. Let T\ = V a x {-Zprod} 
x {— Zp ro d} and = U rj[. We use similar notations for Tp. 
A pre-convex perturbation ( fcsup j^inf) of a bypass (B, a) is composed of two 
smooth maps B — > K!j_ such that (see Figure 25 ) : 



there exist a neighbourhood V+ of the restriction of (r^) to y > and a 
neighbourhood V- of the restriction of (r^) to y < such that fc sup = 1 



outside V + and fcj n f 



<5A: S 



> near and 



1 outside V. 

dk. 



< near T . 



fcsup does not depend on a; near \ and on r near ; 
fcinfO, y, z) = (1 - finf(y)pz) near r£ n {(sc, y, z),a; € [f , ^f] } where p > 0, 
/inf : [0,2/std] R+, /inf = near and for y > ^f 1 , / inf is increasing on 
[0,y~], /inf = 1 on [j/- and is decreasing on 

/c sup is r-invariant and "7r-periodic" for y € [0,y s td] and fcj n f is r-invariant 
and "7r-periodic". 



■ V- 




Figure 25. The neighbourhoods V + and V- 

In what follows, we assume y+ < y~ > y S mooth, and that the radius of V_ 

is smaller than Let fcg Up = fc sup o er. We extend k' sup in a neighbourhood of B to 
obtain a 7r-periodic, r-invariant function. We define fc[ nf similarly. Let 

a P rcc = (£; SU pfci„f) sm(x)dy + (k' sup k' in{ ) cos(:r)dz. 

For /c sup and fci n f close to 1, a prec is a contact form. Let rj(k SU p) and T](k- m i) be the 
radius of the neighbourhoods of where fc sup and k- ln i do not depends on x or r. 

Proposition 7.10. Fix n > 0. Let (23, a) be a bypass. There exist real positive 
numbers Si n f and e sup such that for any pre-convex perturbation (k sup , fcj n /) satisfy- 
ing rj(k sup ) > i], ri(k sup ) > 1|| < e sup and \\k inf - 1|| < e inf the following 
holds 

• S is convex with dividing set T prec , the set of tangency points between R pre c 
and S' ; 

• Rprec points toward S+ for y > ^ and toward S- for y < 

Note that £; n f > and e sup > depend on the smoothing of A x I pro d- 

Proof. The tangency condition is open. By Proposition |7.2| and Lemma |3.1| the 
first condition is satisfied for small enough perturbations of a. 

The Reeb vector field R a is transverse to r smoot h for x ^ 4f as the tangents to 
Tsmooth have a non-vanishing n-component. Thus, for small enough perturbations, 
the transversality still holds for \x — 4p > rj. 

We study the case y < . We prove transversality for | x — ^ | < n and extend 
the result by symmetry. The Reeb vector field is 

1 / -^{y,z)Bm{x) 
(4) R a = — — sin(x) 

*M Z ) V k in{ (y,z) cos(x) 
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and the tangency condition between i? Qproc and S' is 

hni(y, z) cos(x) - L' ini (y) sin(x) = 



where Li n { — l ln{ (see Section 7.1 1. Thus a parametrisation of r prcc is given by 



The tangency condition between R apicc and r prcc implies 

x'(y) + ^f-(y,z(y)) = 0. 

Yet ^f(y,z(y)) < and x'(y) has the sign of -L'( nf (y). Thus x'{y) < for fc inf 
close to 1 and R aprcc is not tangent to r prcc . 

We now study the case y > The tangency condition between i? aproc and S' 

is 

k S up(y, z) cos(x) - L' snp (y) sin(x) = 0. 
The tangency condition between i? a and r proc implies 

x'(y) + ^(y,z(y)) = 0. 

Yet z(y)) > and x'(y) has the sign of L'^ p {y). □ 

The convexification process takes place near r proc . We carefully choose (B,a) 
and a pre-convex perturbation to control the image of the dividing set by the Reeb 
flow. For s € [0, §], let 

7oO) = (s, 0, -Zprod) 

7i( s ) = (t - s, 0, z prod ) 

7°(s) = (s + 7T, 0, -Zprod) 
7 X (s) = (27T- S,0, Z pro d) • 

We denote by and p R the images on 5 Z and S R by the Reeb flow. 

A quadruple [B, a, fc sup , fcinf) is a pre-convex bypass if (i3, a) is a bypass as defined 
in Section [7TT] (fc sup , fcj n f) is a pre-convex perturbation and there exist positive real 
numbers e R , A R and ez (sz is arbitrarily small), four z-graphs in S R denoted by 
5q, Si, 5° and S 1 and product neighbourhoods 



(5) V Ta = V x x 



3 

0, 



x V, 



< T 



of the restriction of (T*) to y £ [0, ^f 1 ] with \V X \ = X B < A such that 

(1) there is no Reeb chord between Vp A and S Vetd ; 

(2) if T B is the restriction of r prcc for x G [| + ^,tt — ^f-] then J r a 
and rf c i(p z (r B ),7i) < ^; 

(3) &j is increasing and <5* decreasing, the graphs intersect the segment r — 

(4) 0(5,, e R ) nC(H,e R ) = {0} and C(S\e R ) C C(5+,4r) and ^ satisfies sym- 
metric conditions; 

(5) if dc^(S,Si) < e R and dc^(S',S^) < £_r then <5 and 6' intersect transversely 
in one point ; 

(6) if 7 is a curve in Sz such that cfci (7> 7i) < £z or d^i (7, 7') < then either 
dc l {pR(l),k) < £r or d c i(p R (^),S l ) < e R ; 

(7) the return time between Sz and S R is bounded by r. 

Proposition 7.11. Le£ (.M, £ = ker(a)) &e a contact manifold with convex boundary 
(S,T) and 70 &e an attaching arc satisfying condition (CI), (C2) and (C3). Let 
(A, ft) be a bypass foliation (see Section \7. 1^ . For z max small enough, there exists 
a pre-convex bypass (B,a,k sup ,ki n f) with k sup and ki„f arbitrarily close to 1. 
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The rest of this section is devoted to the proof of Proposition 
Choose Z sup and k sup such that i](k sup ) > rj and ||fc sup — 1|| < e sup 



7.11 



Let r) < f . 



Lemma 7.12. If k 

satisfy condition (T?l) 



sup 



zlose to 1 and 



small enough, thenpR^i) andpn(^ % ) 



Proof. For z max small, the Reeb chords of a that contribute to the map between 
Sz and Sr are contained in the neighbourhood where a — sin(r)d# + cos(r)dz and 
fc sup does not depend on r. In coordinates (r, 9, z), the image of 7 1 on So is 



2tt - s, 



cos(s) 

— t 

sin(s) 



~t~ -^prod 



For z max small enough, this curve in a decreasing graph in z and contains ( 4^ , 9, z pro d) . 



Consider the perturbation a sup of a associated to fc sup 

_ dk 

1 / 

Ra 



As 



we have 



dfc 3up 
dz 



^sup(y? z ) 

for y < M ^ 9k su 



sin(x) 
k sup (y, z) cos(x) 



the curve pr{^ 1 ) intersects the segment r = 
cases. 



E > for z > ^ip near T^. Therefore, 



3tt 



., . The proof is similar in the other 



□ 



Let PB,(ji) — Si and pr(Y) = The curves 5i and S 3 intersect transversely in 
exactly one point and there exist sr, Ar and Sz satisfying conditions Q and Q for 
any small perturbation of a sup . Additionally, all i? Qaup -orbits intersecting |¥ } x 
[0, |y s td] x {z pr od} go out of the bypass. Then, there exists Vr A such that the 
Reeb vector field of all small perturbation of a sup satisfies condition (JT|) . We now 
carefully choose Z; n f. A parametrisation of Tr is 



2 ' ' 
x 



x,l in{ ((V ini ) '(tanfr))),^) '(tan^)) 

(*)))) 



tanl 



thus pz(J^b) is parametrised by 

x 1 — > (x,0, (/- nf ) _1 (tan(x)) - cotan(a;) x l in{ ((l' in{ ) 
and its derivative is 

x —> (l ) 0,- gin ^ x U ((/y-^tan^)))) . 
Thus, the second half of condition ^ is satisfied for Zj n f small. In addition, we have 

1 1 



dx. 



Fix C > and c > we chose Zi n f such that Zi n f < c and 0((^inf) 1 (v)) > C f° r a ^ 



ye 



tan 



Xb 
2 



, tan 7r — 



For C big enough and c small enough, condition |2| is satisfied. Additionally, such 
a function exists: it is the anti-derivative of a function / : (0, 1] — > (— 00, 0] such 
that 

• / is increasing and J* / = c; 

• for all ken, f (k) (l) = and Hm^ \f {k) {x)\ = 00; 

• f'iifrHy)) >C for all ye [tan (f + 4f) , tan (tt - 4f)] . 
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Finally, we choose ki n f small enough. Condition [7] derives from Lemmas 7.6 and 7.9 
and Remark |7.1[ This concludes the proof of Proposition |7.11| 

7.4. Convexification coordinates. In the two following sections, we describe the 
actual construction of an hyperbolic bypass. 

Construction 7.13. There exists a pre-convex bypass (B, a, k sup , ki n {) adapted to 



r and A (Proposition 7.111. For technical reasons, we also consider a second pre- 
convex bypass (0', a, fc sup , fcj n f) extending B and such that, d c o(dB' 7 B) > for all 
\z\ < Zprod + 2/std and < y < y s td- We denote by p' z and p' R the projections in B' . 
Without loss of generality £z < v and pz{dom{pR\T B ) C dom{p' R ^ Sz ). 

We are now in position to apply the convexification process described in [B]. 
Recall that S' is the boundary of M' — MUS, fci n f = 1 — pz on [y~ , 

+ 2 

2/smooth < y p < Vp < g 2/std, 

and the upper boundary of Vr A is contained in y = |j/ s td- Choose 

Vp < y~ < y + < 2/p ■ 

Our first step is to obtain nice coordinates near r proc n B- Vstd . We construct these 
coordinates near the connected component r contained in [f , 7r] x [0, y s td] x [0, £ s td] 
and extend them using the symmetries of B. 

Fact 7.14. There exists e prec such that for all e prec -perturbation of S' , the contact 
form a prec is adapted to the new boundary for y > ^y s td- 

Proposition 7.15. There exists a surface E with coordinates (u, v) € [u mini u max ] X 

[-Vmax, V max ] Such that 

(1) E is transverse to Ra , E n S' — Tq and the intersection is transverse; 

(2) cr(i-£,(u, v)) = i?,{u max + u m i n — u,v) where is : E — >• ]R 3 is the inclusion 
and a is defined by equation |||); 

( 3 ) m = ik and ik = §i f or y dose to [y~iv + ]; 

(4) a prec = dt+(l — pZp ro d— pv)du in the flow-box coordinates (t,u,v) associated 
to E. 

We denote by 2/s the coordinate such that (f ,2/s) = *s(umax,0). 

Proof. Choose a surface E satisfying conditions (JlJ, ([2]) and (J3j> and such that 
is^prcc = g(% v)dv and g(u,0) = 1 - pz prod . Then = 1 - /9z pro d - pv for 

y close to [y~ , and a prcc = g(u,v)du + dt. Moser's trick provides us with a 
diffcomorphism ipi such that ipi — Id along r proc and for y close to [y~ ,y + ], y>i 
preserves E and yia proc = di + (1 — /5z pro d — pv)du as the two Reeb vector fields 
coincide. In addition ip± o <r = er o ip 1 . Thus has the desired properties. □ 

Let and u be the it-coordinates associated to the intersection points between 
Tq and S ± or S^i. Let i/> = (ip x ,ip y ,ij} z ) be the diffeomorphism associated to the 
change of coordinates. Let Sb = tp -1 ^ 1 ). Without loss of generality if:W-)V 
anc0 

(6) U = X I u X Jy = [ tmaxj^max] X [tl m i n , M ma x] X [ 1>max, u max], 



(7) Vc 



7T A A 
,7T+ - 

2 8' 8 



3 

0, j 2/std 



^ -'max 



(8) a = (1 — pz) sin(x)dy + cos(x)dz on tf> [I t x [u , u + ] x /.„) 

3 See Lemma 7.8 for the definition of V, m0 oth- 
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Fact 7.16. For all (t,u,v) € It X [u ,u + ] x I V) it holds that 
<r(ip(t,u,v)) = ip(-t,u max + u min -u,v), 

tp(0,U,v) = - Umax + U, Z prod + vj , 

ip(t, U, v) = ip(t, 0, v) + (0, y s - ttmo! + U, 0), 
ip(-t,u,v) = (tt - ip x (t,u,v),2tp v (0,u,v) - ip y (t,u,v),ip z (t,u,v)). 

We rewrite our objects and conditions in coordinates (t, u, v). We subdivide 
[u m in, u max ] into u m in < u\ < U2 < U3 < U4 < W5 < u max (see Figure 26) such that 

(9) 



(10) 

(11) 
(12) 











7T 


TT A" 




2' 


2 + 2. 


n 




3A 


2 


+ 


A 




TT 


"2'" 



C Vx(-ft X [u 4 ,M max ] X I v ), 

C ^(/i X [u 2 ,u 3 ] X J„), 
C Vx^t x [u min ,ui] X /„). 




Figure 26. The subdivision 



Lemma 7.17. Without loss of generality we may assume that (see Figure 29) 

(1) Sb is a smooth surface contained in I t x I u x [0, v max ] and 

(a) its restriction to the plane u — est is a smooth curve composed of 
two graphs containing (0,0), one positive and increasing and the other 
negative and decreasing on (0,v max ]; 

(b) Sis is u-invariant and invariant by the mirror symmetry along the 



plane t = for u £ [u 



, u 



+1- 



(2) there is no Reeb chord of dV outside V; 

(3) C^ = \\ilj(t,u,v)-ip(0,u, O)^ + || d^(t,u,v)- #(0,u,0)||oo « 1: 

Proof. Sb is a smooth surface containing {0} x [u m j n , it max ] x {0}, tangent to 
Span (J^, Jj) along this curve and transverse to = R aprac elsewhere. In ad- 
dition, is positively transverse to S& for i < and negatively transverse for 
t > (see Figure [27 1. 

To prove condition Q, we first note that there is no Reeb chord of r proc in 
B < i Vstd . Indeed, in the set where a pr0 c = sin(x)dy + cos(x)dz, we have R x = and 
r prcc intersects the planes x = est in one point. By symmetry, it remains to prove 
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Figure 27. The Reeb vector field and S& 

the result for x close to ^ and z > 0. In this set, we have R x > 0, R y > 0. The 
projection of r prcc on the plane (y, x) is decreasing and there is no Reeb chord of 

r prcc in B<y*~. 

If there exists a sequence (7n) TlgN , of Reeb chords of dV n where the radius of V n 
is smaller that ~, then the endpoints of j n converge to T prcc . In addition, the period 
of these chords is bounded (Lemma |7.6[ ) and bounded below by t max (associated to 
the maximal i-coordinate in Vi). Thus j n converges to a Reeb chord of r proc . This 
leads to a contradiction and condition [2] is proved. □ 

Lemma 7.18. Without loss of generality we may assume that there exist real pos- 
itive numbers Eb and B such that for all t-% G I t , the maps if- and ip + induced by 
the Reeb flow between S = {{t, u,v),t = t^} and Sz and between £ and Sr satisfy: 

(1) C(H,e B )nC(V,B) = {0}; 

(2) (<p^(C p (H,e B )) cC v _ w (fr,i/) anditpZ 1 )* K_ {p) (V, A)) c C P (V, B) for 
all p <E [«2, u 3 ] x I v ; 

(3) ( ¥)+ ),(C p (ff )£fl ))cC, + H ((5 1 ,£ J j) and^Z 1 )* (C v+{p) (Si,A R )) C C P {V,B) 
for all p G [U4, u 5 ) x I v ; 

(4) cp + ([u4,u 5 ] x I v ) c {(x,z), \x - Si(z)\ < e R }; 

(5) the return time between Sz and S is bounded by t and by 2r between Sr 
and X. 

Let L be a bound of ||d<y9±|| and ||d(^± _1 || where || • || is defined in the coordinates 
(x, y, z) in Sr and Sz and in the coordinates (t, it, v) in X. 

Proof. Let T u — r proc n^(/ t x [^2,^3] x I v ). Then r„ C Tg and all the Reeb 
chords between T r and Sz have an endpoint in r u . There exists Sr > such that 
if d c i(7,r u ) < e B then d c i(p z {^),Pz{^u)) < ^f- Thus the fist half of condition ^ 
derive from conditions ^ and (JsJ) in the definition of pre-convex bypasses for U 
small enough. As pz(dom(pR\ r B ) C dom(p^,| Sz ), condition (El and the first part 
of condition ([3| derive from conditions ([2| and ^ in the definition of pre-convex 
bypasses. As (fZ 1 )* (C(V,A)) n C(H,eb) = there exists B satisfying the second 
part of condition Q. The proof of the second part of condition ^ is similar. □ 

We now perturb S' to obtain a it-invariant surface. 



Construction 7.19. We perturb 5' (see Figure 28 1 so that there exists vo & 
(0, Umax) satisfying 

• S B \u = s B\ Umax on [0, w ]; 

• S13 contains {0} x [!i mill ,ii ma i] x {0} and is tangent to Span (J^-, J^) along 
this curve; 

• the Reeb vector field is positively transverse to 5g for t < 0, negatively 
transverse for t > 0. 
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Figure 28. The perturbation of S' 



These condition are automatically satisfied for u £ [« mill ,tii] and u £ [«g, ti roax ]. 
Let B denote the new bypass. For hi small enough, this perturbation is £ prcc -small. 
In what follows, let = [— i>o,i>o] and i> max = ^o- 

7.5. Convexiflcation. The convexification process consists in adding a "bump" 
with prescribed contact structure in a neighbourhood of r proc . We first describe the 
new boundary in Section [7.5.1| In Section [7. 5. 2 1 we present the contact structure in 
the convexification and in Section [7. 5. 3 1 we modify this model to obtain the desired 
cone-preserving properties. Recall that we construct the convexification near the 
connected component T contained in [f ,7r] x [0,y s td] x [0, 2 s td]- 

7.5.1. Perturbed boundary. We perturb the boundary for y < |y s td- For [y~, f y s td], 
the new boundary is the graph of a function. Let H be the set of smooth functions 



such that 

(1) \\h\\c 

(2) h = near x 

(3) h(-x,y) = h(x,y); 



TT X TT X 




3 


2 ~ 3' 2 + 3 


X 


y j -^ystd 



<C 1 (in particular \\h\\c 
A and y = 



2 3 



° < £ P 

3,, . 

4 i/std j 



(4) for y £ [y , |y s tdl i the map h does not depend on y and there exists Xg at 



such that h is increasing for x < 
and decreasing for x > x^ at ; 

{(x, y, Zp rod + h(x)),x £ [f 



flat , constant on 

] , y e [y 



u flat' 2 



L flatJ 



A 7T 

3 ' 2 



y + ]} 



is contained 



(5) S h = 
in V. 

Let = ?/> _1 (Sh)- We denote by U/j the maximum of h and z pro d + Vh by z%. 
The minimum of Sh on the w-axis corresponds to t = and t> = u/j (see Figure 
29 1. In addition W ^ I Let = sup{max(/i), ft, S "H} then Vu > and for all 
< i> < Vji there exists h £% such that vt — v. Given Vh there exists h £ H with 
Xg at arbitrarily small. 




FIGURE 29. The surfaces Sb and Sh 
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Lemma 7.20. The surface Sh is u-invariant and its restriction to the plan u = est 
is a smooth curve composed of two symmetric graphs containing (vh, 0), one positive 
and increasing and the other negative and decreasing on (Vh,v max \; 

Proof. For h small enough, the tangency points between the Reeb vector field and 
§h are the segment {§} x [y~,y + ] x {z^}. In addition, is positively transverse 
to Sh for t < and negatively transverse for t > 0. The proof is similar to the 
proof of Lemma |7.17| The symmetry derives from Fact |7.16| □ 

We extend the surface Sh by translation in the coordinates (t, u, v) and still de- 
note by Sh the extension. The surface Sh also extends a (Sh) as Sh is parametrised 
by (±l(v),u, v) and cr(ip{H(v), U, v) = ip(^fl(v), U max + u mm — u,v). The following 
lemma is a powerful tool to study the Reeb chords in B- y * td (conditions (B6), (B7) 



and (B8)). We will use its corollary (Corollary 7.371 in Section 7.6 



Lemma 7.21. There exist positive numbers t' r 



max' max' 



u\, A and v& such that 



< t. 



VA < v'max < v max and V A < V H ; 



• ip x (I' t x [u min ,ux] x I' v ) C [§ + |,7r + A] where I' t = [-f max ,t' max ] and 

r = \-v' v' ] ■ 

v L max' maxi> 

• ipyip) < ipyip') and 4> x {p') - ip x (j>) < 35 for all p = (t,u,v) and p' 

I ' . u', v') in I[ x [u\, u max ] x I' v such that t' — t > A and u' > u; 

• the planes t = ±A intersect Sb for v < v&. 

Proof. Without loss of generality, there exists rj such that - < k- m { < r\ < 2 and 

?y 2 — sin (f + A) < t^j. We start with f maK = i max and v' max = v max and progressively 
reduce them. There exists u\ such that for t' max and v' max small enough 



ip x (I' t x [ux,u max ] x I' v ) c 
ip x (I' t x [u lrLin ,u x ] x I' v ) C 



A 

+ ^,7T + A 



Let M 
and v'. 



8lpy 


+ 




dv 


oo 


dv 



dk int 

dz 



Choose A such that, upon reducing t' 



X 



• t ' = 4A < 

''max ^ 96M' 

• "max < min (sm, mm , un)) 

• the planes t — ±A intersect Sb for v < v' n 

For all (t,u,v) € [0,i max ] x [u A ,u m ax] X l£ we hav 
t 



max' 
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ip y (0, u, v) + - sin + a) < ip y (t, u, v) < ip y (0, u, v) + rjt, 



d?Py 

dv 



<^y(0,U,V)<ljjy{0,U,0) + V' xn 



Olpy 

dv 



Thus ip y (p') - ipyip) > f > 0. Similarly, it holds that 



dip x 



dv 



2t' 



dk ini 



ip x (t, u, v) < i/j x (0, u, 0) + v' m 



dv 



2t' 



and ip x (p') - 4>x{p) < 2v' m 







dv 



oo 

dkinl II 

dz II 



< lji x (t,U,v), 
dfcjnf 

dz 



□ 



*See equation|4]l for the explicit form of the Reeb vector field. 
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Construction 7.22. We apply Lemma 7.21 and choose a map h £ T-L such that 



«A < max(/i) < u max and such that the planes v — v' max intersect Sh outside the 
flat part of Sh- 

Fact 7.23. Th ere exists Sp er i such that for any s^, er ^-perturbation of ctp rec in C^- 
norm, the Reeb vector field is transverse to Sh for all x satisfying x^^ < \x— ^| < ^. 

7.5.2. Convexification model. We now construct a convexification model for y £ 
[y_, |y s td] and interpolate with the adapted model for y £ [gt/stdj jj/std] ■ The new 
boundary is smoothed for y £ [|j/ s td, fj/std] ■ Let z > and 

$* (z) = exp(-^j^), if z > z Q , 
<& Zo {z) = 0, otherwise. 

For y £ and near L , 

aproc = hni(z) sin(ir)dy + cos(x)dz 

and fci n f(z) = 1 — pz. Let k conv (z) — ki n f(z) + a$ Zo {z) and 

(13) a conv = k CO nv(z) sin(a:)dy + cos(a;)d2; 

where a > 0. 

Fact 7.24. The contact form a conv is adapted to Sh for y £ |y s td] . 

In the coordinates (t, u, v), the associated contact form is not a convexification 
model in the sense of [B]. We use a weakened version of convexification. Let J u be 
such that [tti, Us] C J u C I u . Two functions / and g from I t x J u x to H.1 form 
a convexification pair if 

(1) / = 1 and g(i, u, u) = 1 — pZprod — near 5" and for i> > "u^axi 

(2) / and g do not depend on u for u £ [u\, itg] ; 

(3) >0and §{ >0near (0,« h ); 

(4) in a neighbourhood of [lii, ttg], in the planes m = est, the vector field X g = 
is negatively transverse to Sh for t > 0, positively transverse for 



(- 



dg dg 
dv> dt 



t < and points toward the half-space t < for t — (see Figure 30 1 



i 













Figure 30. The surface Sh and the Reeb vector field 

Proposition 7.25. For p and Cj, small enough, there exists e Zo > swc/i that for 
any small po and any Zh — s ZQ < zq < Zh, there exists a contact form a and a pair 
of convexification (/, g) with J u = [u max + u m i n — u + , u + ] satisfying 

(1) R u > 0, R is positively transverse to Sh for t < 0, negatively transverse for 
t > and points toward the half-space t < for t = 0; 

(2) a* 'a = —a; 

(3) a = a prec for v > v' max and v < va; 

(4) a = f{t, u, v)dt + g(t, u, v)du on I t x J u x /„; 
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(5) V 1 *Qi = a conv and k' conv (z h ) = p in a neighbourhood o/{f }x [y+ , |y S id] x 



By definition ||fc conv ||ci < po- The end of Section 7.5.2 is devoted to the proof 
of Proposition |7.25| Before extending a conv for all u, we study some properties of 
c*conv in the (t, u, u)-coordinates. 

Fact 7.26. For all (t,u,v) € It x x 7„, we /iave 

/ R x ^(t,u,v)) ^(t,u,«) 
d^(*,«,t;)= Ry{i>(t,u,v)) 1 ^(t,u,i>) 

V JJ,(V»(t,u,«)) ?t(t,u,v) 

/ i^(f,u,t;) 
dV>(0,u,u) = iJj,(f ,it,«) 1 

V £»(§,«,«) 1 

Fact 7.27. For a// (t,u,v) € it X x J„, we /iaue 

* a prec (t,u,v)=dt + k a du and j W ^ )sin( ^ +oob( ^ = Q 
w/iere fc (t>) = fefn/u + 

Fact 7.28. For a// (t,u,v) £ It x [u~,u + ] x /„, we /icwe 

(k con Jip z ) \ 
conv z ^^_|_ cog d< + (ip z ) sin(V>:z)du+ 

kinfWz) J 

^k conv (ip z ) sin(-0x) + cos(ip x )^^j dr, 
i> aconv = -r — rry - 1 sm'fi/ij + 1 dt + — — — — /c du+ 

\ \ kinf(Vz) J j kinfylpz) 



k,-onv(i>z) ~ k in f(ip z )) sm(ip x ) 9 p L j dr. 



In coordinates (t 7 u,v), a conv = /i(t, «)dt + gi(t, v)du + v)du where f\ g± 
and /ii do not depend on u. Note that /i(— t, v) = /i(t, u), <7i(— i, w) = ffi(t, u) and 
/ii(-t,u) = -hi(t,v) (Fact 7.16). Fix w~ < Ug < u'j < u+ and p : [uo, u 'i] ~> K 
such that p = near u and p = 1 near itj . Let 

a = fi(t, v)dt + gi(t, v)du + p{u)h\(t, v)dv. 

Lemma 7.29. For p and small and for z close to Zh, ol is a contact form, 
lt>0 and^>0 near (0,v h ); 

Proof. The differential of a is 

da = ^-dv A dt + ^-dv A du + ^-dt A du + p'htdu A dv + p^-dt A dv. 
ov av at at 

The contact condition is 

dfi dgi dgi , dhi 

~dv 91 ~ ~dv ~dt +phl J 1 ~ p ~dT 91 

Without loss of generality we may assume that the ranges of f%, g\ and h\ are in 
\h , 2] . In what follows, the bounds associated to the notation O are uniform for all 
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convexification models. By definition, it holds that 

k C on V ( z ) - fcinf(z) = A<f> ZQ (z) = (z - Z ) 2 A& ZQ {z) , 

k ^{z)-l = {z-z Q fA^' Zo {z)0{l), 



Thus, we obtain 

h(t, v ) = i + a$; o (^)(^ - ^o) 2 o(i), 

^ = A^ z ) (1 + O(p) + O(C^) + - ^o) 2 0(l)) . 

Therefore for p, C^, — z small enough, we have ^ > and ^(0, Vh) > 0. 
Similarly, we obtain 



9l (t, v) = l + O(p) + (z- z ) 2 O(l) + O(CV), 

-p + A$; o (^) (1 + - z ) 2 O(l) + 0( P ) + 0{C^j) , 



<9u 



dg 



d ^(t,v) = A^ z )0{C^ 

h^v) = A& Zo (ip z )^ z - z ) 2 O(l), 
r)h 

-^(t, v) = A^ z ) (ty z - z ) 2 O(l) + O(C )) , 
and the contact condition is 

(14) p+A<S>' Zo (i; z )(0(p) + ^ z -zo) 2 0(l) + 0(C^) > 0. 

Yet AQ' Za (z) < 2p as k' comr (zh) = po < p. Thus the contact condition is satisfied for 
p, C and Zh — z small enough. □ 

Lemma 7.30. For p, po, C^, Zh — zq small, R u > and R is positively transverse 
to Sh for t < 0, negatively for t > and points toward the half-plane t < for 
t = 0. 

Proof. The component R u is positively collinear to 

|^ - p^L = A^ z ) (1 + 0{ P ) + O(C^) + - Z0 ) 2 O(l)) . 

Thus 7? M > 0. By u-invariance, we study the transversality properties in the planes 
u = est. The Reeb vector field is positively collinear to 

Y= ( -it+P'^hi 
V dt 

in the coordinates (t, v). The tangency condition for t = is automatically satisfied 
as hi(0, v) = 0. On the non flat part of h, th e tran sversality conditions are satisfied 
for po < e^ crt as ||fc CO nv — fcinfllc 1 < Po (Fact 7.231. We now prove the result in the 
flat part of h. The transversality condition is 

(15) - — +p(u)h 1 -l ± —>0 

for t ^ where 1+ and /_ parametrise Sh- Let po = sop. Then A<&' Zn {ip z ) = (l+So)p. 
For p = 1, V satisfies the desired transversality conditions (Fact \I?2A ) . For p' = 
the transversality condition is 

(16) - sop + p(l + so)a(t,u, v) > 
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where a does not depend on sq. There exists s max such that (16 1 is satisfied for 
s G (0,s max ]. Thus a > j^j^- For z close to z h , 

, dip y 

dv " 2(l + s max )' 



The general transversality condition is 

(jib 

(17) a(t, u, v) + p'{u){tb z - z ) 2 S in(^)^p + s(a(t, u, v) - 1) > 0. 

For s < ^f^, we obtain a(t, u, v) + s(a(t, u, v) — l) > 9 ^^" s ax > and (fl7|) is satisfied. 

□ 



Proof of Proposition 7.25 We choose p, pa , , zy t — zq small enough to apply 
Lemma [7.29| and Lemma |7.30| We extend a to U by a — f\dt + gidu for u € J u 
and -<7*a for m £ [u min , u min + u max - u 
v > w^ lax and v < v&. The set where 



]. It remains to prove that a = a prcc for 



(fi(t,v),gi(t,v)) ^ (1,1 - pz pl 



pv) 



is contained between the surface S Zo associated to the equation z = zq and Sh 
The surface S Za has properties similar to Sh- 



greater than zq — z pro( i. As zy t — z pro d > V A (Construction 7.221 z — z prot j > v& for 



In particular, its ^-coordinates are 



Zh — zq small enough. Additionally, S Zg intersects Sh in its non-flat part. Yet for 
Zh — zo small enough the intersection points are arbitrarily close to the endpoints of 
the flat part and the w-coordinates of the intersection points are smaller than v' max 
( Construction |7.22[) . □ 



7.5.3. Perturbed convexification. The contact form a described in Proposition |7.25] 
is adapted to the boundary but does not give us the desired control on the Reeb 
flow. Let E± = {(±£ max , u, v), u S I u ,v G Iv} and $ be the map induced by the 
Reeb flow of a C onv between £_ and S + . 



Proposition 7.31. Let (/,<?) be a convexification pair given in Proposition 7.25 
Upon perturbing a near I t x [ux,us] x I v and we may also assume that 

(1) <f>*(C p {V,B)) C C Hp) {H,e B ) and (C $(p) (V, B)) C C p (H,e B ) for all 
P G [U2,U 3 ] X I v H $ _1 ([u 4 , U 5 ] x J„); 

(2) ||d$(p,tOII > and Hd^H^b),^)!! > ^||«/|| /or «II P £ [u^] x 
I v n <& _1 ([ti4, u 5 ] x I v ) and v S C P (V, S); 

(3) i/ie return time in [^2,^3] x I v is bounded by r. 

Construction 7.32. Apply Proposition 7.25 with po < £ pert and Proposition 



7.31 



The end of Section[7.5.3 is devoted to the proof of Proposition [73T] The contact 



form from Proposition 7.25 



is a 



f(t,u,v)dt + g(t,u,v)du. Thus 



(18) 



R a 



1 & av J 



dv 
c)r 

ihi 
at 



We progressively modify / and g so that the difference between the it-coordinates 
of two Reeb orbits which contribute to <& widens when the Reeb orbits cross the 
convexification area. 

Remark 7.33. If (fi,gi) and (fi,g2) are two convexification pairs satisfying con- 
ditions 0, ([3]) and Q of Proposition 7.25 on I t x J u x I v then there exists a 
convexification pair (fi,g) satisfying the same conditions such that g = gi outside 
a neighbourhood of It x [u± , U5] x I v and g — 52 in a neighbourhood of It x [u\ , 115] x /„. 
There exists a analogous statement to interpolate between /-coordinates in a con- 
vexification pair if fx = fi near Sh- 
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If (/, g) is a convexification pair given in Proposition 7.25 without loss of gen- 
erality, we have 1 < / < |. Let r„ denote the g-level intersecting (0, v) in a plane 
u = est for u S [ui,ii 5 ] and r be the set between r„ and T v > if v < v' . Let 

' and M a - 



m f > 1024 



U4- IL3 



8(«5-«l) 



for t\ > 0. Without loss of generality p < 




Figure 31. The g-levels 




Lemma 7.34. Let C > 0. We may assume that there exist t\ > 0, v c , Vq and V\ 
such that va < vi < vq < v c < Vh and for all u £ [m, U5] (see Figure 32) 

\<g< \ and ||f| < p; 
g(-t, v) = g(t, v) and f(-t, v) = f(t, v); 

(0, v c ) is a saddle for g and the g-level intersecting {0} x [v c , U/J do not 
intersect £+ or £_ (see Figure \3l\ ); 

g(t,u,v) = 1 — pZp ro d — pv for all (t,u,v) such that \t\ > t\ or (t,v) on 

f(t,u,v) = 1 for all (t,u,v) such that \t\ > 2t\ or (t,v) on T[o „ A j; 
f^i > and §§ < on T [0:Vc] ; 

-f and ^(t,u,v) > onT [0}Vo] ; 
8p on T [0 . Vl] ; 



> 



^(t,u,v) > nif for all (t,u,v) such that \t\ < t\ and (t,v) € ^lv ,v c ],' 
T^(t,v) < M g for all (t,u,v) such that \t\ < ^ and (t,v) € T^ Vg Vc ^; 
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• %Jz{ti u T v ) > C an d 'g^(ti u i v ) > 4p for all (t,u,v) such that \t\ < ti and 
(t,v) £ T [vuVo] ; 

Proof. We extensively use Remark |7.33| to modify / and g. We first modify / 
and choose v c so that |£ > 2m/ in a neighbourhood of {0} x [ui,tts] x {v c }. To 
achieve this condition, we modify / near (0, Vh) in a neighbourhood that does not 
intersect Sh and such that > 0. The only non-trivial condition on the perturbed 
/ is the contact condition — §§/ > 0. There exists e > such that for any f\ 
with |/ - f x \ < e and f£ > §£ - e , then - |f A > 0. We choose /i such that 
f£ > 2m/ near (0, w c ), |/ - h\ < e and f£ > §£ - e. 

We now choose ti and such that p > ^ and u) > 2m/ for all (i, u, u) 

such that |t| < t\ and (t, w) € ^[v ,v c ]- We modify g (and change v if necessary) so 
that g satisfies the desired conditions. To obtain the contact condition we choose 
g so that |^ > implies ^ > and max fgf J <^ 1- Finally we modify /. □ 

Lemma 7.35. The projection in the (t, v)-plane of any Reeb orbit which contributes 
to $ is contained in T\ VltVo ]. 

Proof. The projection in the (t, u)-plane of a Reeb orbit is contained in a g-level. 
Thus no Reeb orbit contributes to $ and intersects {0} x [tti, ttg] x [v c , u/J. 

If a Reeb orbit intersects {0} x [tti,ug] x [vo, w c] then this orbit crosses the strip 
\t\ < t\ and is contained in T[ VOtVc y In this strip 

df 



m f ^ d f / d f d 9 f ^ 5 

— — — 9 — — 9 / — ~ 

2 dv dv dv 2 



dv 



| JF£f | < and \R U \ > |. Therefore, the time spent in the strip is bounded below 

by 

t^tt > —^r- = 8(^5 - Ui) 

max(Rt) ~ M g K ' 

and the u-interval swept out by the orbit is bounded below by min \R U \ x8(us— Ui) > 
Us — u%. The orbit does not contribute to 

We now consider a Reeb orbit which intersects {0} x [ui,ug] x [— v metK ,Vi] and 

crosses the strip \t\ < 2t x . In this strip \ | % | < %g - §f / < 10 p < 4, |i? t | > ^ 
and |i? u | < 2. The return time between — 2t\ and 2t\ is bounded by mi n*^ t ) < ^{f 1 
and the u-interval swept out by the orbit is bounded by ^j 1 < 114 — 1/3. The orbit 
does not contribute to <& as R u — for \t\ > 2tx. □ 

Proof of Proposition \7.31\ We prove that Proposition |7.31| is satisfied for C big 
enough. We first study the difference between the it-coordinates of two Reeb orbits 
which contribute to Let (— f max ,u, v) and (— t roax , u, v) be the endpoints of 
two Reeb chord which contribute to <I>. Without loss of generality v > v. Their 
projections on the (t, u)-plane are contained in rr Ul „ i (Lemma 7.351. Let 

Y-L. 




be a renormalisation of the Reeb vector field and t i— > ( — t max + t ) u(t),v(t)j 
and t 1 y ^ t max + t, u(t), v(t)j be the K-orbits with endpoints (— t max ,u,v) and 
(-tmax,u,v). Then 

w » _ 8t> 2 9-» 8ti 2 dv > dv 2 > q 
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and u — u is non-decreasing. In addition, ^ t > — for \t\ < ^. Thus, we have 

C 

u(t max ) - "(imax) > u — u-i min (v(t) - v(t)). 

p \t\<% 

Our orbits are contained in g- levels, therefore it holds that 



(v(t) — v(t)) min 



dg 
dv 



< .9(-imax, v) - g(-t max , v) < (v(t) - v(t)) max 



dg 

dv 



and v(t) - w(t) > M '^"' as ^ < 



< p. Thus we obtain 



(19) M(imax) - "(imax) > U ~ U + 



CMghiv-v) 
2p 2 



Let 7 be a curve in {— i max } x [w2, U3] x iu such that |Y(v) | < -B (the u-coordinate 
is the vertical coordinate). Let S be its image on {i max } x [U4, u 5 ] xl v . By symmetry, 
if it is well-defined, the image of (—t max ,~/(y),v) is (t max ,6(v),v). Using equation 
( fXQj ) , we obtain 

(20) S i(v)> 1 >(v) + ^f>-B+^f = D. 

Therefore, we have D > for C big enough. A similar proof shows the symmetric 
result. Additionally, if w = (l,j'(v)) then ||u>|| < y/l + B 2 and ||d$(p, w)\\ > 
y/l + D 2 . Thus the dilatation condition is satisfied for C big . 

Finally the return time between {— t max } x [112, U3] x I v and {i max } x [114, 115] x 
is bounded by 2(u 5 — ui) + 2t max . Indeed, for \t\ > t\, we have \R t \ < 1 and the 
return time is bounded by 2f max . Additionally, for \t\ < t\, we have \R U \ => yj 
and the return time is bounded by ^(1*5 — u\) as the u-interval is bounded by 
u 5 — u\. As U5 — u\ < \ fT\ D a\ < t by definition of pre-convex bypass, we obtain 
the desired condition on the return time. □ 



7.5.4. Convexification smoothing. In this section we interpolate between a conv and 
a P rcc for y > |j/ s td- 

Construction 7.36. For y £ [fjfetd, Vstd] , let a = a picc + al(y)$ ZQ (z) sin(a;)dy 
where I is non increasing, I — 1 in [§y s td, gj/std] an d I = for y > |y s td- We extend 
this construction to the other non-convex areas by symmetry. 

The 1-form a is a contact form as al(y)Q Zg (z) sin(a;) is C 1 -close to 0. Let B conv 
be the convexified bypass and a conv the associated contact structure. We call C = 
6 conv \B the convexification area and we denote by V the set where a C onv 7^ a prcc- I n 
coordinates (x, y, z), the connected component of V containing T is the set z > z . 
In coordinates (t, u, v), it is contained between Sb and Sh and its u-coordinates are 



in (fAj^Lax) (Proposition 7.251 



Corollary 7.37 (Corollary of Lemma 7.21 1. Let 7 be a Reeb orbit intersecting V '. 
If j enters C in p in = (x in , y in , z in ) such that x in £ [f - f , § + and Zj n > 
iften tfie exiting point p out = (x out , y out , z out ) satisfies x out £ [f - f , § + f ] and 

U out ^ Z/m- 

Proof. If 7 intersects the set y > |y s td, we obtain the desired result as R y > and 
h is defined for x £ [f ~ fi f + f] ■ We now assume that 7 is contained in the set 
y < f?/ s t d- A s 7 intersects V, we ha ve t out - t in > A, and Pi n ,p ou t € it x i« x K 



(Lemma 7.21 and Construction 7.221. In addition u out — u in > as R u > 0. Lemma 



|7.21| gives the desired result. □ 
By symmetry, there exist analogous statements near any endpoint of r^ c td . 
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7.6. Conditions (Bl) to (B8). We now prove that our construction satisfies 
conditions (Bl) to (B8) and is adapted to the boundary. 

The contact form is adapted to the boundary. By the definition of pre-convex 
bypass, the contact form is adapted to the boundary outside C. The contact form 



is adapted for y > §y st d as a conv 



For y < |y Btd and z < § 



tJ 



e [ 



5?/stdj 3?/stdJ 



and 



Vstd ■ 

< 



Zr, 



<^prcc 

Lemma 



and ||/i||c^ < ^stab (L emma 7.141 



7.25 



'flat 



^prod 

\x — w|, we apply Lemma 



gives the desired result. For 
Finally, for y £ 



5 Vstd j 3 Vstd 



and 



7.23 



to 



Thus 



- f I < ^flaf we hare h = h(0) and R z is positively collinear 
(h ni (z)k sup (z) + al(y)$ Zo (z)) cos(x). 



• R z =0 for x = f ; 

• R z > for x < f ; 

• R z < for £ > |. 

The tangency points between Sh and i?a conv are the segment x = ^. Along this 
segment and for y < |y s td, Rx is positively collinear to fmf(y)p — a ®' Z(l ( z h) and 



/inf (y)p ~ a*' 2o < P ~ a& Zo (z h ) < 0. 
For y > |y s td; Rx is positively collinear to 

-Kup(zh) - cg(y)& Z0 (z h ) < 0. 

By symmetry we obtain the desired result in the other convexified areas. 

Condition (B6). Let 7 be a Re eb c hord of Sz in B| nJ d . If 7 does not meet V, 

We now assume that 7 intersects V. Let pf n 



7.6 



condition (B6) is given by Lemma 

and pf ut denote the endpoints of 7 and pi n and p ut the first entering and exiting 
point of C. We assume that pi n is in the connected component of C containing Tq- 
The proof of the other cases is similar. 

If 7 does not intersect V after p ou t, then 7 is contained in [77— ~ ,77 + 4J x 

[0,2/std] x Imax after p P ut (L emma 7.8 and Equation ftfl). Thus we have xf ut € 
a _ , ai rr^v^oFtl tv,™ ™. r- l~ a _ j_ AT an( i z . m > Zmt (Corollary 



] (Lemma 7.5 1. Then x m G [77—^,77 



> 2o 



> zf ut as i? z < 0. We obtain xf n G [77 - §,77 + §] 



7.371. Therefore z m > z;, 
(Lemma |7.5[ ) . 

If 7 intersects V after p out , then 7 m eets the connected component associated 
to [77, ^] x [0,y s td] x [— z st d,0] (Lemma 7.8). Let p' in and p' out denote the second 
entering and exiting point. Between jJ out and p[ n , 7 is contained [77 — j , 77 + 41 x 
[0,y s td] x /max (Lemma 7.8 1. Thus we have x in £ [77- §,77+ |] and z in > z out 



(Corollary 7.371. Therefore xf n G [77— §,77 + §1 (Lemma 7.5). As 7 does not 



intersect "P before pi n and i? z < 0, we obtain > z; n > z out > 2^ ut . In addition 



"out 
5 out 
"-out 



G [77- |,77+ |] and z' h 



> z out 



(Corollary 7.37). As 7 does not meet V after 

.s 



p out (Lemma 7.8 1 and R z < 0, we obtain z m > z- ln > z out > z[ n > z' out > z^ ut and 



A^r^_ Ai 

r, 7T + 



(Lemma 7.5 1 



£ [77 

Condition (Bl). Let 7 be a Reeb orbit in B^^ d with endpoints pf n and p^ ut in 



Sz and S^^. If 7 does not meet V we obtain the desired result by Lemma [7T6] We 
now assume that 7 meets V. The image of V on 5^ is contained in X U X + 277. 
Thus p m G X + 2fc77 for k G {0,1}. In addition, ther e ex ists fc' G {0,1} such 



that p^ nt £ — I + 2fc'77, 1 + I + 2fc'77] x I max (Lemma 7.6 1. It remains to prove 



that k — k' . If 7 meets V once, then the ^-coordinate of t 
[2A:?7 - §, (2fe + 1)tt + |] asPc V and thus fc 



;he exiting point is in 
k' (Lemma 7.5 1. If 7 meets V 
twice, then the first exiting point has a cc-coordinate in [2fc77 - 1 



8 ,(2fc+l)77+fj. 

Thus the x-coordinate of the second entering point is in [2^77 — 4, (2k + 1)77 + ¥\ 
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(Lemma 7.51 and the ^-coordinate of th e second exiting point is contained in 
[2fc7r-f,(2fc+l)7r+f] (Corollary . Thus k = k' . The proof of condition 
(B8) is similar. 

in B- Vstd 



7.7 



Condition (B5). By Remark 
7 intersects S^ yeti . Let and p\ 



.5" 

out 



if 7 is a Reeb chord of 
denote the endpoints of 7. By Lemma 



then 



and 



7.6 



2fc'7r . In 



addition 7 intersects V (Lemma 7.51. Yet 7 intersects only one connected compo- 
nent of V (Lemma 7.8). This leads to a contradiction. 



Condition (B4). This condition is a consequence from Lemma 7.9 
Conditions (Bl). (B2) and (B3). These conditions derive from Lemma 7.17 



and Lemma |7.31| Indeed, by Lemma |7.6[ all the Reeb chords which contribute to 
the map between R\ and Sr intersect V and thus E + and E_. In addition, the 
intersection points with E_ are in [11%, 113] x I v (Equation (jTTJ) ) and the intersection 
points with E + in [1x4,1*5] x A> (Equations ^ and ( [To] ) and Lemma 7.6 1. Let S be 
a curve in [| + A,7r — A] x 7 max with tangents in C(V,A). Then the tangents of 
the image of S in E_ are in C(V, B) (Lemma 7.171 and the tangents of the image 
of 8 in E + are in C(H,eb) (Lemma 7.311. Thus the image of S on Sr is er close 
to Si. Similarly, the tangent of the image of an horizontal segment in Sr, are in 
C(H,v) (Lemma 7T7J). Condition (B3) is a consequence of the definition of pre- 
convex bypasses. We obtain the rectangle structures on dom(^) and im(yij) by 
considering the images of vertical curves in Sz and the inverse images of horizontal 
curves in Sr. These curves are transverse (definition of pre-convex bypasses). 



Conley-Zehnder index 



In this section we prove Theorem |2.6| we compute the Conley-Zehnder index fj, 
of the periodic orbit 7 a described in Theorem |2.1| 

8.1. Two technical lemmas. 

Lemma 8.1. Let (Rt)te[0,i] ^ e a path of symplectic matrices in M 2 such that Rq 
id and Ri £ Sp*. Let R t e l = r(t)e la ^ . If a(l) G [2kn + f , 2kn + ^] and 
fi(R) is odd, then then fi(R) = 2fc + 1. Similarly if /i(i?) is even and a(l) € 
[2/ctt - l,2kir+ |], then fj,(Rt) = 2k. 



Proof. We extend i?t, at and rt to t G [1,2] (see Section 3.3.21. Let 6 t denote the 
rotation angle associated to the polar decomposition R t = S t O t . Without loss of 
generality 9 Q = 0. As S t is positive-definite, 9 t — ^ < a t < 6 t + |. Additionally, 
if there exists t £ [1,2] such that 9 t = 0[2n] then R t G Sp _ (2). Similarly if 
6 t = ir[2ir] then we have R t G Sp + (2). Therefore if fi(R) is odd, 8 t ^ 0[2tt] for all 
t G [1,2]. Thus 6>i - 7T < 6 2 < 9i + vr and 04 - \ < 9 2 < a x + ^. Therefore 
62 G ((2fc — l)7r, (2k + 3)tt). The proof of the other case is similar. □ 

Lemma 8.2. Let 9q > 0. There exists v(6q) > such that if R E Sp(2) and 

• Re x G C(ei,tan(z/(0 o ))); 

• Pei|| >3; 

• f/iere existe / G C(e 2 , tan(6* )) smc/i that Rf G C(e2, tan(0 o )); 
i/ien i? «s Hl-diagonalizable and its eigenvalues are of the sign of (e±, Re\) . 

Proof. We prove that |tr(i?)| > 2. Without loss of generality, (ei,/) is a direct 
basis. The matrix associated to the change of basis from (ei, e 2 ) to (ei, /) is 



P 



1 cos(0) 
sin(6») 
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where 9 e [f - 9 , § 



9q] • In the basis (ei, ea), the matrix of R is 



P^RP = 



1 

sin(0) 

where 8 1 e [-i/(0 o ), f(0o)], ^2 G [f - , f 
obtain tr(i?) > 2 for f(0o) small enough. 



|Uism(0-0i) fi 2 sm(8-9 2 ) 
^isin(fli) /i 2 sin(# 2 ) 



• 9q\ and > 3. As /ii/i2 > 0, we 



8.2. Computation of the Conley-Zehnder index. Let a 



□ 
be a 



word such that 1(a) < K. Let p a be an intersection point between 7 a and S"^- 
We denote by T(a) the period of 7 a . Let R t be the path of symplcctic matrices 
along 7 a associated to the trivialisation described in Section |2.4| Let Xa be the 
map induced by the Reeb flow between Sz and S ai a surface tangent to £(p a ) at 
p a . Let G a = tpB ° V^ifc "* <Pb ° Vv- By definition of tfB and ip, 

• dom(G a ) and im(G a ) are rectangles with respectively horizontal and verti- 
cal fibres and G a preserves the fibres; 

• dG a (p ai | c ) eC(H,v); 

• ||dG.(p«,^)||>^. 

Lemma 8.3. There exists 9q such that for \i, v and r\ small enough, i2y( a ) satisfies 
the hypothesis of Lemma \8.S\ 

Proof. Note that dx a (Pa)g| = ±ei. We choose 6 such that Xa*(C(V,A)) C 
C(e2,tan(#o))- For t 1 small enough, we have Xa* (C(H,fj,)) C C(ei,tan(j/(#o))- Let 
/ be such that ||dx Pa (p a )|| < I and ||dx Pa (p a ) _1 || < I- Then 

-l 



|-Ra,T(a)ei|| > 



dG £ 



d_ 

dx 



> 



1 



and ||-Rei|| > 3 for ?y small enough. 

Lemma 8.4. For allp 6 dom(G a ), (dG a (p)g^, J^) «s o/i/ie sign ofY\^ =1 (— 1) 
Proof. Note that (d(/?s(p)g|, J^) > for all p e dom(<y9#). Therefore, we have 



□ 



dr 



> 



for all v G C p (V, A) such that (u, ^) > 0. 

We prove the desired result by induction on k. If A: = 1 then dip ai (p) G C(V, A). 
If /i(ai) is even, (— dip ai (p)^, < (see Figure 33) and we obtain 

I d d 

dG ai ( P ) 



' dx ' dx / 

Similarly, if /i(ai) is odd, we obtain (— d^ ai (p)g^, Jj) > and 

d_ 8_ 
' dx dx ( 

We now prove the result for a = . . .aj fc +1 . Let p € dom(G a ) and v = 
dG an ... aifc (p)^. By induction, (v, is of the sign of nJ=i(-l) A( °' j) - Thcn > 



dG ai (p)- 



<0. 



d ^ fc+ i u ' B&) is of tnc si S n of Il'jti(- 1 T iai:i> and so is (dG aik+i v, ^ 
Corollary 8.5. For /i, ^ and 77 small enough, A( a ij ) = A*(7a)[2]- 

Proof. The signs of (dG a7 ^, ^) and (i? T (a) ^) coincide and i? T(a) is hyper- 



□ 



bolic (Lemmas 



and 



8.3 1. Its eigenvalues are positive if Y] /z(asj •) is even and 



negative if Ylj=i A( a ij) is °dd (Lemma 



8.41 



□ 
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//(a*) odd 



dip ai (p)e 




Figure 33. The vector d^ Ql (p)ei 



Lemma 8.6. There exists a collar neighbourhood 5 7a of 7 a in the trivialisation 
class given in Section \2.J\ such that if R t is the associated path of symplectic matrices 
along 7 a and Rt-§z = r(t)e l8 ^ then 9{t) ^ 0[tt] when 7 a (t) is in £fte bypass and 
t>0. 

Proof. Let c be a Reeb chord in the bypass contained in 7 a with endpoints c_|_ 
and c_ on Sz- We construct a strip S c along c such that no Reeb chord with one 
endpoint on the vertical segment containing c+ and close to c+ intersects S c . We 
then glue together the half of S c and the collar associated to the Reeb chords to 
obtain 5 7a . We choose S c such that 

(1) between Sz and the convexification, S c is tangent to J^; 

(2) in the convexification area, S c is tangent to J^; 

(3) is the upper part of the bypass, S c is tangent J^. 

We smooth the resulting surface. Figure [34] shows c and a Reeb chord with one 
endpoint on the vertical segment contained c+ (dotted curve). In this figure S c is 
transverse to the projection. 








Figure 34. The surface S c and the Reeb chords 



□ 



Proof of Theorem \2.6\ We consider the trivialisation from Lemma |8.6| Without 
loss of generality 9(0) = 0. Let = i x < t[ < ■ ■ ■ < tk < t' k = T(a) be the times 
associated to the intersection points between 7 a and Sz (7a (0) is the fixed point of 
G a ). 

We prove by induction that for all j = 1, . . . , k 



(21) 



~/x(a i( )7r - z/(0 o ), 
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As 0(0) — 0, the condition (21) is satisfied for j — 1. We now suppose that the 
equation (21) stands for i £ 1 . . . j — 1. By definition of /i(a^), 



o(Q e 



L \l=i 



«J=1 



We obtain (Lemma 8.6 1 
6(t j+1 ) £ 

or 0(t j+ i) £ 



y^/x(ai ; )7r + 7T - j/(0 o ), ^ K a ii)n + tt + j/(6> ) 



By Lemma 8.4 we obtain the equation (21 1 for i = j . Lemma 8.1 provides us with 
the desired Conley-Zehnder index. □ 
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